NORBERT HUNGERBUHLER
m-harmonic flow

Annali della Scuola Normale Superiore di Pisa, Classe di Scienze 4° série, tome 24,
n°4 (1997), p. 593-631

<http://www.numdam.org/item?id=ASNSP_1997_4 24 4 593 0>

© Scuola Normale Superiore, Pisa, 1997, tous droits réservés.

L’acces aux archives de la revue « Annali della Scuola Normale Superiore di Pisa, Classe
di Scienze » (http://www.sns.it/it/edizioni/riviste/annaliscienze/) implique 1’accord avec
les conditions générales d’utilisation (http://www.numdam.org/conditions). Toute utilisa-
tion commerciale ou impression systématique est constitutive d’une infraction pénale.
Toute copie ou impression de ce fichier doit contenir la présente mention de copyright.

NuMDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=ASNSP_1997_4_24_4_593_0
http://www.sns.it/it/edizioni/riviste/annaliscienze/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

m-Harmonic Flow

NORBERT HUNGERBUHLER

Abstract

We prove that the m-harmonic flow of maps from a Riemannian manifold M of dimension
m into a compact Riemannian manifold N has for arbitrary initial data of finite m-energy a global
weak solution which is partially regular, i.e. up to finitely many singular times ¢, ... , # the
gradient is C%¢ in space-time. The number k of singular times is a priori bounded in terms of the
initial energy and the geometry. Two solutions with identical initial data and bounded gradient
coincide.

1. — Introduction

Let M and N be smooth compact Riemannian manifolds without boundary
and with metrics y and g respectively. Let m and n denote the dimensions of
M and N. For a C!-map f: M — N the p-energy density is defined by

1
(D e(f)x) = > |df|?

and the p-energy by

2 E(f) = /Me(f) du .

Here, p denotes a real number in [2, oo[, |dfy| is the Hilbert-Schmidt norm
with respect to y and g of the differential df, € T)(M) ® Tf)(N) and u is
the measure on M which is induced by the metric.

The motivation to consider this class of energies is twofold: One motivation
is the physics of liquid crystals if we think of a liquid crystal as consisting
of bar-shaped particles described by a function f : @ C R® — RP? or f :
Q C R?® — S§? if the bars have distinguishable ends. Critical points of the p-
energy then correspond (in this model) to stationary states of the liquid crystal
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and the energy flow below suggests some aspects of its dynamical behavior
(see e.g. [18]). The mathematical motivation for the p-harmonic flow is the
general interest in geometric evolution problems of which the p-harmonic flow
is a highly nonlinear and degenerate example and shares some features with
harmonic maps and harmonic flow (p = 2). The main source of difficulty is
that the equations exhibit a supercritical growth and since several years there
has been an increasing interest in how the additional information given by the
geometric structure of the problem can be used to establish compactness and
existence results (see e.g. [43], [57], [52], [23], [38], [62], [39], [40], [41]).
For concrete calculations we will need E(f) in local coordinates:

Ey(f) = %/ﬂ (yaﬁ(gij Of)fa';f,g{yp J7dx.

Here, U C M and Q C R™ denote the domain and the range of the coordinates
on M and it is assumed that f(U) is contained in the domain of the coor-
dinates chosen on N. Upper indices denote components, whereas f, denotes
the derivative of f with respect to the indexed variable x®. We use the usual
summation convention, and ,/y always means /[dety].

If p coincides with the dimension m of the manifold M then the energy
E is conformally invariant.

Variation of the energy-functional yields the Euler-Lagrange equations of
the p-energy which are

PN o
3) Apf == (v*sifafd)” vOTifif)
in local coordinates. The operator

1 9
JY 3xP

is called p-Laplace operator (for p = 2 this is just the Laplace-Beltrami op-
erator). On the right hand side of (3) the Ffj denote the Christoffel-symbols
related to the manifold N. According to Nash’s embedding theorem we can
think of N as being isometrically embedded in some Euclidean space R¥ since
N is compact. Then, if we denote by F the function f regarded as a function
into N C R¥, equation (3) admits a geometric interpretation, namely

Apf = (ﬁ (yaﬂgijféfé)g_l )’aﬁfol,)

A,F LTeN

with A, being the p-Laplace operator with respect to the manifolds M and R*.
For p > 2 the p-Laplace operator is degenerate elliptic. (Weak) solutions
of (3) are called (weakly) p-harmonic maps.
The regularity theory of weakly p-harmonic maps involves an extensive
part of the theory of nonlinear partial differential equations. We mention the
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contributions of Hardt and Lin, Giaquinta and Modica, Fusco and Hutchinson,
Luckhaus, Coron and Gulliver, Fuchs, Duzaar, DiBenedetto, Friedman, Choe,
and refer to their work listed in the bibliography. One of the most important
recent results is due to Hélein [38], who proved regularity of weakly harmonic
maps on surfaces.

One possibility to produce p-harmonic maps is to investigate the heat flow
related to the p-energy, i.e. to look at the flow-equation

4) of —ApfLTfN
) fli=o=Jfo
or explicitly for (4)

1-2

(6) Of —Apf=(pelN)) PAHNVEVS)

where A(f)(-, -) is the second fundamental form on N. For p = 2 Eells
and Sampson showed in their famous work [17] of 1964, that there exist global
solutions of (4) provided N has non-positive sectional curvature and that the flow
tends for suitable #; — oo to a harmonic map. We see that under the mentioned
geometric condition the heat flow also solves the homotopy problem, i.e. to find
a harmonic map homotopic to a given map. Surprisingly, also a topological
condition on the target may suffice to solve the homotopy problem. Lemaire [45]
(and independently also Sacks-Uhlenbeck [54]) obtained this result under the
assumption that m = 2 and m,(N) = 0. For negative sectional curvature and
arbitrary p > 2 the homotopy problem was solved by Duzaar and Fuchs in [15]
by using different methods than the heat flow.

Struwe proved in [58] existence and uniqueness of partially regular weak
solutions of the harmonic flow on Riemannian surfaces. Recently, Freire ex-
tended the uniqueness result to the class of weak solutions in W'2(M x [0, T])
with non-increasing energy (see [20], [21], [22]). In the higher dimensional
case Y. Chen [4] (and independently Keller, Rubinstein and Sternberg [42] as
well as Shatah [56]) showed existence of global weak solutions of the harmonic
flow into spheres by using a penalizing technique. This technique together with
Struwe’s monotonicity formula (see [59]) was .used in the corresponding proof
for arbitrary target-manifold N (Chen-Struwe [6]). The existence of weak so-
lutions of the p-harmonic flow into spheres was shown by Chen, Hong and the
author in [5]. This result has been extended to homogeneous spaces as target
manifolds by the author in [40].

Parallel to this development the theory of degenerate parabolic systems with
controllable growth has been developed by DiBenedetto, Friedman, Choe and
other authors (see bibliography).

A; is a linear elliptic diagonal matrix operator in divergence form. For
p > 2 (0 < p < 2) the operator is degenerate (singular) at V f = 0. The right
hand side of (6) is for p = 2 a quadratic form in the first derivatives of f
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with coefficients depending on f. These strong nonlinearities are caused by
the non-Euclidean structure of the target manifold N and cannot be removed
by special choices of coordinates on N unless N is locally isometric to the
Euclidean space R"”. But even in this case the space of mappings from M to
N does not possess a natural linear structure unless N itself is a linear space.
In general, the right hand side of (6) is of the order of the p-th power in the
gradient of f (non-controllable or natural growth).

Our main existence result for the m-harmonic flow is Theorem 10 in Sec-
tion 3.7. The uniqueness results are located in Section 4.

Acknowledgements. I would like to thank Prof. Michael Struwe for his
encouragement and many helpful discussions and suggestions. I would also
like to thank Prof. Jiirgen Moser for his interest in this work and his valuable
remarks.

2. — A priori estimates

We start with the definition of the energy space:

DerINITION 1. The space of mappings of the class W!? from M to N is
WYP(M,N) :={f € W'P(M,R"); f(x) € N for p-almost all x € M}

equipped with the topology inherited from the topology of the linear Sobolev
space WLP(M, RK).

The nonlinear space W!?(M, N) defined above depends on the embedding
of N in R¥. This fact does not cause any problems if M and N are compact
since then different embeddings give rise to homeomorphic spaces W7 (M, N).

The space H LP(M, N) defined as the closure of the class of smooth func-
tions from M to N in the W'P-norm is contained in W!?(M, N) but does
not coincide with the latter space in general (this fact gives rise to the so
called “gap phenomenon” of Hardt-Lin [37]). This important observation was
first made by Schoen and Uhlenbeck: see Eells and Lemaire [16] as a main
reference. However, we have H"?(M,N) = WLP(M, N) if dim(M) = p (see
Schoen and Uhlenbeck [55], Bethuel [1] or Bethuel and Zheng [2]).

The regularity of minimizing p-harmonic mappings between two compact
smooth Riemannian manifolds has been widely discussed, see Hardt and Lin [37]
Giaquinta and Modica [32], Fusco and Hutchinson [31], Luckhaus [47], Coron
and Gulliver [10] and Fuchs in [25] who also discussed obstacle problems for
minimizing p-harmonic mappings (see [24] and [27]-[30]). The results of these
investigations may be summarized briefly as follows:
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Suppose 1 < p < 0o and let M and N be two smooth compact Riemannian
manifolds, M possibly having a boundary dM. Consider mappings f : M — N
minimizing the p-energy and having fixed trace on dM. Such a minimizer f
is locally Holder continuous on M \ Z for some compact subset Z of M \ aM
which has Hausdorff dimension at most dim(M) — [p] — 1. Moreover Z is a
finite set in case dim(M) = [p] + 1 and empty in the case dim(M) < [p] + 1.
On (M \ Z)\ M, the gradient of f is also locally Holder continuous.

The set Z is defined as the set of points a in M for which the normalized
p-energy on the ball B, (a),

pramt [ Jagirap,
MNBy(a)

fails to approach zero as r — 0. The technique to prove the above assertions
essentially is to show that, near points a € (M \ Z)\dM, this normalized integral
decays for r — 0 like a positive power of r. Then, local Holder continuity
of f on (M\ Z)\ oM follows by Morrey’s lemma. The proof of the Holder
continuity of the gradient of f is much more difficult.

Instead of looking for minimizers of the p-energy, Uhlenbeck investigated
weak solutions of systems of the form

div (p(IV IV ) =0

where p satisfies some ellipticity and growth condition (see Uhlenbeck [63]).
Her work prompted an extensive study of quasilinear elliptic scalar equations
having a lack of ellipticity: Evans in [19] and Lewis in [46] showed the C!*-
regularity for rather special equations. Later DiBenedetto [11] and Tolksdorf
in [60], [61] proved C'*-regularity of the solutions of rather general quasilinear
equations which are allowed to have such a lack of ellipticity. It is remarkable
that Ural’ceva in [64] obtained Evan’s result already in 1968.

For such equations and systems, C!®-regularity is optimal. Tolksdorf gave
in [60] an example of a scalar function minimizing the p-energy and which
does not belong to C'?, if & €]0, 1[ is chosen sufficiently close to one.

In contrast to equations, everywhere-regularity cannot be obtained for gen-
eral elliptic quasilinear systems. The counterexample of Giusti and Miranda
in [33] shows that it is generally impossible to obtain C%-everywhere regu-
larity for homogeneous quasilinear systems with analytic coefficients satisfying
the usual ellipticity and growth conditions. Nevertheless almost-everywhere-
regularity has been obtained for rather general classes of quasilinear elliptic
systems: see Morrey [49] or Giusti-Miranda [33].

As far as the regularity of the heat flow of p-harmonic maps for p > 2 is
concerned only results in the Euclidean case are known: In [13] DiBenedetto
and Friedman investigated weak solutions f : Q x (0, T] — R™ of the parabolic
system

fr—dv( VP2V ) =0,
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where €2 is an open set in R”. The main result of DiBenedetto and Friedman
is that for max {1, 25} < p < oo weak solutions of this problem are regular
in the sense that V f is continuous on Q x (0, T] with |V f(x,#) = Vf(x,0)| <

w(x —Xx|+|t—1 |%) in any compact subset  of 2, where w depends only on
Q2 and the norms of f in the spaces L>(0, T; L%(2)) and L”(0, T; WhP(Q)).
In [14] the same authors obtained for p > max{l, n%i} Holder regularity of V f
in 2 x (0, T] using a combination of Moser iteration and De Giorgi iteration.
H. Choe investigated in [7] weak solutions of the system

) fr = dw(V 1PV f) +b(x, 1, £.Vf) =0
where b respects the growth condition
®) 1bx(x, 1, f, D+ Ibp(x, 2, f, DNQI+1byi (x, 2, f, Q)0 <c1+101P7h

and where f € C°(0, T; L%(2))NLP(0, T; WP(R)). In this case, Choe proves
f e x (0,T]) for some a > 0 provided f € L{%( x (0, T]) for some
ro > LZ;—‘—’). Notice that the p-harmonic flow does not satisfy condition (8):
there the growth is of order |Q|P. This will be one of the main difficulties in
the study of the p-harmonic flow.

2.1. — Energy estimate

Now we establish an energy estimate for strong solutions of the p-harmonic
flow. Notice that this lemma is true without the conformality assumption
dim(M) = p.

LEMMA 2. Let f € C2(M x[0, T1, N) be a solution to the p-harmonic flow (6).
Then the following energy equality holds for all t;, t, withO <t, <t, <T:

14
©) / ’ / 19, fPdudt + E (f(12)) = E (F (1)) -
tl M

PRrROOF.
Step 1. We multiply (6) by o, f. Since d;f € TyN the right hand side
vanishes.

STEP 2. On the left hand side we use
1 9
JY 9xP
The divergence term vanishes if we integrate over M. Integrating over the time
interval [¢{, t,] we get

(ﬁ (v risy)* y“ﬂf:;a,f") =Apf 0 f +Eef).

n
(10) - / /M A, ffidudi = E (f(1) — E (f(1)
1

and hence the desired result. O
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2.2, — L?*P-estimate for V f

We start with a variant of the Gagliardo-Nirenberg estimate. Notice that
from now on we assume p = dim(M).

LEMMA 3. Let M be a Riemannian manifold of dimension m = p and i the
injectivity radius of M. Then there exist constants ¢ > 0 and Ry €]0, (] only
depending on M, N, such that for any measurable function f : M x [0,T] —
N (T > 0 arbitrary), any Bgr(x) C M with R €]0, Ro] and any function ¢ €
L°°(Bg(x)) depending only on the distance from x, i.e. ¢(y) = ¢(|x — y|), and
non-increasing as a function of this distance, the estimate

r 2 or
//Iflz”sodudtscesssup/ \fIPdp //
0 JM 0<t<T BpR(x) 0 JM

T
t—Sesssup [ \firau [ [ 1f1rpduar
U(Br(x)) o<t<T JBR(x) 0o Ju

holds, provided ¢ = 1 on Bg>(x).

2
VIFIPT pdudt

11)

REMARK. Here, Bgr(x) denotes the geodesic ball in M around x with
radius R, i.e. Br(x) = {y € M : disty(x, y) < R}, where disty(x, y) means
the geodesic distance of x,y € M with respect to the given metric ¥ on the
manifold M.

ProOF. (i) Suppose first that ¢ = 1 and assume that the right hand side

of (11) is finite. Let g € H"2(Bg(x)) be a function with vanishing mean value
f Brin) 8 = 0. Then we infer from ([44] Chap. 2, § 2, Theorem 2.2)

p-1 1
(12) gl 2p < Blvel,s lell? »
LP=T(Bg(x) LERODTE L 5T (B
We apply (12) to the function g = |f|P~! — A with

1

A= — Pldu.
H(Br(x)) JBR(x) /1 o

We get

T
/ / \fIPPdp dt
0 JBRrw)

T 2p T 2p
50/ / |f|p_l—)»'p—_rdudt+c/ / AP Tdudt
0 JBRx) 0 JBRw)

2
L P T
Scesssup/ lflp“l—kip_ du //
0<t<T Br(x) 0 JBR(x)

2p

T 1 p—1
+ c/ —_— / If1P~dp | dr.
0 1 Bpr(x)

u(Bgr(x))P=—T"

(13) 2
V|f|1’_" dudt
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The various terms on the right hand side of (13) are estimated in the following
way:

Lo e
av [ it =i Ta <21 ([ gpraps [ arfag
BR(x) BR(x) Br)
b
P =1 1 p—1
[ 2t = w1
(15) BR(x) BR(0)

< / \f1Pdp
Br(x)

_2_& 2
p—1 2
( / Ifl”“du) < ( / Ifl”du>  w(Br(x) 7T
Br(x) Bgr(x)

(16) 2
< p(Bgr(x))P~T ess sup IfI”du-/ | f1Pdu.
Bgr(x) Bp(x)

0<t<T
Plugging in the estimates (14)-(16) into (13) the assertion for ¢ = 1 follows.
(i1) By linearity and (i) the assertion remains true for step functions ¢ which are
non-increasing in radial distance and which satisfy ¢ =1 on Bg/,(x). Finally,
the general case follows by density of the step functions in L*°(Bg(x)) in
measure. O

Now we try to carry over Choe’s results for p-Laplace-systems in [8] to
the case of natural growth in the inhomogeneity. To do this we need to control
the local energy:

DEFINITION 4. We denote by

E (f(t), Br(x)) = / e(f(-,0) du

Bg(x)

the local energy of the function f(-,f) : M — N in the geodesic ball
Br(x) C M.

Given some uniform control of the local energy, we can estimate the 2p-
norm of the gradient and higher derivatives.
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LEMMA 5. Let ¢ denote the injectivity radius of the manifold M. If m =
dim(M) = p then there exists €1 > 0 which only depends on M and N with the
following property:

If f e C2(B3R(y) x [0, T[; N) with E(f(t)) < Ey is a solution of the m-
harmonic flow (6) on B3g(y) x [0, T for some R €]0, %[ and if

sup {E(f(t), Br(x)); 0 <t < T,x € Bor(y)} < €

then we have for every x € Bg(y)

T T
(17) / / IV2FIHV fI**dudt < c Ey (1 + _)
0 JBgrx) R™
and
T T
(18) / / Y FIP"dpdt < ¢ Eo (1 n _>
0 JBR(x) Rm™

for some constant ¢ which only depends on the manifolds M and N.

Proor. For simplicity we consider the case of a flat torus M = R™/Z™. (For
a general manifold terms involving the metric of M and its derivative occur.)
Let ¢ € Cy°(B2r(y)) be a cutoff function satisfying 0 < ¢ < 1, ¢lgyy) =1
and |Vg| < %. The equation of the p-harmonic flow which takes the form

(19) fi = V(VFIVFIP2) LTsN

is now tested by the function V(Vf|V f|?P~2)pP. Using the explicit form of
the right hand side in (6) we get

(20) LfiDpfof — (D, 1)*0P| < cIVFIPIA, flpP

with a constant ¢ only depending on N. For brevity let Q = Byr(y) x [0, T'[.
Integrating over 0 we obtain

1d ,

/Q<;E|Vf|p<ﬂp+lApf| <p") dx dt
= /Q (—V(Vf IV £1P720P) fi + |A,,f|2¢f’) dx dt
(21)
= /Q (—Apffp”fz — PVSIVSIP 0P Vof, + IApf|2(p”) dx dt

= [ (P1ap AUV AUV SV (V0] eIV 1713 flg?) da
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In the last step we used (20) and then equation (6) to substitute f; by A, f.
By Young’s inequality we can estimate the last line in (21) by

1
(22) / (ZIApflzfp"+CIVf|2"<p”+CIVfI2”‘2|V¢I2¢”“2> dx dt .
0

By integrating by parts twice, exchanging derivatives and rearranging the re-
sulting terms we find that for arbitrary functions f € C%(Q; N) there holds

/|Apf|2<p"dxdt > %/ IV2FI2IV fI1?P*pPdx dt
—c / IV ||V 1P 2pP2dx dt

0
for a constant ¢. Putting (21)—(23) together we obtain

/ V2 FI2IV F12P P dx di
o
24 < c/ IVF(-,0)Pdx
ByR(y)

te [ (IVoPIVIPP2gr2 41V Prgr) dxdr,
Q

The second term on the right hand side of (24) may be estimated separately
by Holder’s and Young’s inequality:

(25) /Q VoIV fPP 2P dxdt < /Q (VeI IV £17 + 1V £ P97 ) dx dt
Hence, from (24) and (25) it follows
/Q V21V f PP dx di
(26) <c / V£ (-, 0)Pdx
Byr(y)

+c/ (|Vf|2P<pP + |V¢|P|Vf|1’) dxdt .
(4]
From Lemma 3 we infer

/ |V fI?PoPdx dt
9]

2

14
Q@ <c  sup (/ IVf(-,t)I”dx) / V2 £ IV £ PP pPdx di
Bp(x) Q

0<t<T,xeByg(y)

+< sup / |Vf(-,t)|”dx/ IV f|Pdx dt .
R™ 0<t<TxeByg(y) J Br(x) 0
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Hence, for ¢; > 0 small enough, the condition

swp [ v sCnran <e
0=<t<T,xeByR(y) /BR(x)

used in (27) and in (26) implies the estimate (17) and by applying Lemma 3
once again, we get (18). O

2.3. — Higher integrability

In order to describe how much the energy is concentrated we will use the
following quantity:

DEFINITION 6. For a function f: M x[t;, t,]— N, fe L®(t;, t2; WP (M, N)),
e>0and QC M x [t, 1] let

R*(e, f, 2) = esssup {R € [0,¢] : esssup(E(f(t)), Br(x)) < s}

(x,1)ef

where ¢ denotes the injectivity radius of M.

LEMMA 7. Let q €]2p, oo[ be a given constant. If dim(M) = p then there
exists a constant &5 > 0 only depending on M, N and q with the following property:

For any solution f € C*(M x [0, T[; N) of the m-harmonic flow (6) with
R* = R*(e3, £, M x [0, T]) > O and any open set @ CC M x]0, T[ there exists
a constant C which only depends on p,q, M, N, T, Ey, R* and dist(2, M x {0})
such that

/ [Vfl4dx < C.
Q
E denotes the initial energy Eo = E(f (-, 0)).

REMARK. It seems very inconvenient that &, may not be chosen indepen-
dently of the level g of integrability we want to reach. We will obtain a better
result below which uses the assertion of this lemma in a technical way.

Proor. For simplicity we consider the case M = R™/Z™. Again we
write (6) in the form

(28) 8 f — V(VEIVFIPD) = |VFIP2A)V L VL)
Let us first fix a few notations: For (xg, tp) € M x]0, T[ let
Br = Bgr(x0) = {lxo — x| < R}

Or = Qr(x0,%) = Bg x 1tg — R?, to[
Qr(01,02) = Br_o g X It — (1 = 02)R?, to[ for o; €]0, 1[.
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For R small enough such that Oz C Mx]0, T[ we take a cutoff function ¢
with

¢ =1 on Qg(o1,02)
¢ =0 in a neighborhood of the parabolic boundary of Qg

and with

2
29 <¢<1l, VI <—, |og]= .
(29) Osesl IVels o 1S o

We now use —V(Vfv%¢?), with v = |Vf|? and o to be chosen later, as a
testfunction in equation (28). This gives rise to the following calculations:

(i) The first term on the left gives

/ fi(=V(V fv¥cH))dxdt = c2o,v% dx dt
ORr

2@+ D Jo,

e h— petly2 < 1) dx
2t D) Sy, L0

1

- “tlore, dxdt .
2@+ 1) Jo, " §8rdx

(i) For the second term on the left we observe that
/Q LIV 1P £ dx dit = /Q IV 7172 (fiv e dx dt
R R

In order not to lose control on the various terms we proceed here in two
steps.
(a) First we get

/ |Vf|"‘2fjik ( ;kv“;‘2 + aﬁv“"lvkgz + 2jfj~iv“;§k) dx dt

ORr

N / 20T+ Lo
ORr 2

ijk

2a+p—4 2a+p-2
= |Vl + v—z”—Vv;V;> dx dt.

(b) Second we find

/ (|Vf|”‘2)j fi (ﬂkv“{2 +affv g + 2f;'v°’cg) dx dt

Or
_ p—2 —ayg2aar2 , 2P —2) -4 a—1,2 ig.\2
= [, (e wartiwuie e SEER e 2 5w )

+(p = DIV S (V VOV V) dxdr

1
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(iii) On the right hand side we finally get

/ (VAP 2AGV £, V 1)), fvc2dx di

30) K

- /Q IV FIP2VA)Y £, VIV foodx di
R

In the calculation (iii) of the right hand side of (30) we used the fact that
fiv® ¢% € Ty N. Putting all the terms (i)-(iii) together and taking the supremum
over the time interval g — (1 — 02)R?, o[ we get by using the fact that the
positive terms are non-decreasing in ¢

1 1,2
—————  esssup / v e ) dx
4+ 1y-a 02)R17<t<t0 Bg

i [ EEFR S (fkdxdn

2 QR ijk
-2 +2a—6 ‘
L 2P=2) [ 2 e S (V£ Vo)dxdt
4 ORr i
-2 2a—4
31) n ﬁ—i’— / v Vo2 dt
Or

1 pH+2a=2
< / v"‘“{l;,ldxdt«}—/ v 2 |V|¢|V¢|dx dt
a+1/gp Or

+p-2 [ VFE S vsvelnkvelaxar
ORr i

2 +20+2
+c ¢v dxdt.
ORr

Two terms on the right hand side of the inequality (31) need to be interpolated
by the binomic inequality

p+2a—2
v 2 |Vu|C|V¢|dxdt

32) ORr
1 pt2o—4 2.2 € p+2o )
< vz |V dxdt+—/ v 2 |V¢|Pdxdt,
2e Jog 2 Jog
p+H2a—6 , 3
(p—2)/ v 2 Y |VfiVup2¢|VE|dxdt
p—2 pt2e—6 , io. 2
(33) <=5 o vz ¢ Zijwf V|2 dx dt
S(p—2 +20—6
=2 VIV |dx dr |

2 OR
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Thus, choosing the constants ¢ and § in (32) and (33) appropriately, e.g. ¢ =

#})—2 and § = g, and absorbing the resulting terms we obtain from (31)

1 1,2
————  esssup / Ve dx
4(a + 1) 1y~ (1-0p)RP <t<1g / B

-2 p+2a—4
%— §2v +2 |Vv|®dx dt

1 p—2
@+lez\dx dt 2( )
v g g ldx dt + a+p_2+ .

=<
oa+1 Or

2a 2420
/ UEZ_|V§|2dxdt+c/ v BT 2ax dr
ORr Qo

R

Since we trivially have

2
dx dt

20—4 8 20
/ {zvp+§ |Vv|?dx dt > —2/ v (vﬁ%Q’)
ORr (P +2a)” Jog

16 20
/ Ve P2 dx di
OR

"~ (p+2a)?

it follows from (34)

1 1,2
_— ess sup / v ) dx
4@+ 1) 1g—(1-0pRP <1<ty /B

2

-2 2a
+a(—++p2a)2/ V(vﬁf‘_é') dxdt
35) p Ogr
1 1 p—2 a+p-2
< g |dx dt 2( )
_a+1/QRU Sléildxdt + a+p—2+ o +(p+2a)2
2 242
/ v"—+2—°'|v;|2dxdt+c/ v I 2dx dr
ORr ORr

Now, for every fixed time ¢ Holder’s inequality implies

+20+2 +2a
LA_ 2 L[_ 2
<
"v C”L2(BR) = ”U é—”Lz*(BR)”v”L%(BR)
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where 2* = %. So, we may split off a suitable factor in the last term on the
right hand side of (35)

1 ot+1 2
—_— ess sup / (-, ) dx
4o + 1) 19— (1-op)RP <1<ty / Bg

a+p-2 /’0 pi2 o
+— v 4 dt
(p+2a)? Jiy—rr I é'”1’1'(}‘2(310
1
< a+1 dx dt
OB a+1/QR” flerldx

1 -2 -2 20
2< L2 otp 2)/ I Ve Pdx dt
a+p-—2 a (p+2a)* ) Jog

2

P rip p+2a
2
I e i
A)_Rp L= (BR)

(B y = k"v {”LZ*(BR) to

estimate the last term on the left of inequality (36) we see that we may absorb
the last term of the right hand side provided the quantity

+ ¢ esssup / v§(-,t)dx
to—RP <t<ty Br

Using the Poincaré-Sobolev inequality ||vP_4_§ || 1 2

sup{E(f(t), Br(x)); 0<t <T,x € M}

is smaller than a suitable constant &, > 0 which only depends on absolute data
and the level g < oo of 1ntegrab111ty that we want to reach (it is enough to

choose &, such that csz/ P < k( (JI: 2)?‘)’

of Lemma 5 later). In this way we get from (36)

and &, < g; which allows to use the result

1
S ess sup / v ) dx
4a+1) 4g—(1—0y)RP <1<ty / Bg

ak? fo
e a1
0+ 207 Sy @

/ v I¢ | dx di
ORr

(37)

<
T a+1

1 -2 -2 +2a
+2( LR 2P 2)/ I |V Pdx dt .
a+p—2 o (p +2a) Or

Now, by Holder’s inequality and a further elementary inequality we observe
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that for every A,y > 0 there holds

2

1 20 2 L} +2o
)\/ / v 2 TP@ax dr < Aesssup / v*Hdx / lv2 ||iz* 5,41
t1 JBy el \Y Bp | Bp)

(38) pt2
p
Zesssup [ v*Hldx+ / T || x
(J/ telr, tzl[)/Bp L% (Bp )

Choosing #; =ty — (1 —01)R?, t, =1y, p = (1 —01)R and the constants A and
y such that

1 APH2 k2
Ay = and =
A+ 1) v (p+2a)

we get from (37) together with (38) and (29) that

2
1+p

+20 | 2 200
(39) / W@ a4 < / vE dxdt + 1
QRr(o1,02) OR

where the constant C in (39) may be expressed by means of the constants «, o,
02, R, p, k. Now, the assertion follows by iteration and a covering argument.
The iteration starts e.g. with @« = p/2 and the a priori estimate of Lemma 5
(we should not start with &« = O since we used « > 0 in the calculations of the
proof). We stop the iteration as soon as ﬁzﬂ + %(ot +1) > 4. It is easy to
check that our choice of &; remains valid during the iteration process. O

2.4. — L*°-estimate for V f

The next step is to find local a priori estimates for |V f|lo by a Moser
iteration technique (see [50] and [51]). H. Choe used similar arguments in [8]
to handle the case of systems of type (7). We start once again from the
estimate (35) but this time the iteration is arranged in quite a different way.

LEMMA 8. Let ay > p be an arbitrary constant, dim(M) = p, f € C*(M x
[0, T[; N) a solution of the m-harmonic flow (6) and Qr C M x]0, T[. Then there
exists a constant C which only depends on p, ap, R, M and N with the property that

ag—p
”Vf”LOO(QR(I’I)) <C (1 +/ |Vf|2a0dx dt) .
22 ORr
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Proor. By the Hoélder and the Sobolev inequality we have

p 2 2042
/ p @RS
QR(01,02)

2

P 20
(40) <c esssup / vt 2dx / |V(v_4i2§)|2dx dt
Bg ORr

tg—(1—09)RP <t <1y

p+2
atl,p2 Zatp 2 ?
<c €ss sup / v dx + IV(v™3 ¢)|“dx dt
to—(1—09)RP <t <ty J BR ORr
Using (35) we conclude
ot l 2 2042
/ v( +7)(1+‘”2°‘_“’>dxdt
QR(oy,079)
(41) 2

1+
2 20+2
Sc(/ v g dx dt +/ vﬂz—]vglzdxdt+a/ v +2+§2dxdt>
Or ORr

Or

for a new constant ¢ which does not depend on « (we assume that o > PT“z),
Observing (29) estimate (41) simplifies to

2 2042
/ v(a+§)(l+52_g+l’)dx dt
QR(01,072)

2 4 p+2a
<c / v ldx de + 2—/ v 2 dxdt
(42) o2 R? Jop o R? Jog

2
1+2

ORr

2a+2
+ o v +7+dxdt>

Now, for every v € N we put

2 2v = 2v+2
RP
Or =0, R =

Qr(01,02) = Quti o =a,
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in (42) and get after some elementary manipulations

v(a"+§) (+3 3 +2)dx dt

~ 4\) +20y+2 1+_
50(_p|Qu|+(Olv )/ Lz_ xdt) :
Ry
In order to iterate (43) we define

( +p) <1+2 2a,,+2)
a =l = -
v+1 v ) p 2Olv+p

p+20,+2
ay 1= .

43)

We see that with pu =1+ %

Ayl = pa, —2

and hence that
a,=u"(@—p)+p.

Thus, a, - oo as v — oo—provided agp > p. Moreover we have o, =
u’(ap — p) + % — 1 such that we obtain from (43)

”w
44) / vi+idx dr < K4"% (1 +/ vWdx dt)
Qu+1 v

with K =c(|M|+ag+ p)“ Now we use once more the fact that u <2 and
hence that (1 + x)* < 4(1 + x*) for all x > 0. Defining

I, =/ vWdx dt

45) Ly <4-16"K(1+1}).

(44) thus implies for v € Ny

Using (45) we can easily prove by induction that
L<LPa+1)
with L =4K + 16 and a sequence b, satisfying

byt1 = uby +2u+v, by=0.
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For b, we find explicitly:

2 2
P 14 vp
by=u"[2+b — -2 — 4+ 2.
,u(+o+p+4) (+p+4+2>

Now we see that for v — oo

0 1 b 24 p+ 2
— > A= and * —>B=-_——"—_*%4
ay ap—p ay ap—p
This implies
”V ”2 = su Il/av < LB(I +1A) O
f LOO(QR()(I’%)) veII\I) Y 0

As a corollary of the Lemmas 7 and 8 we have

LEMMA 9. Ifdim(M) = p then there exists a constant €3 > 0 only depending
on M and N with the following property:

For any solution f € C*(M x [0, T[; N) of the m-harmonic flow (6) with
R* = R*(e3, f, M x [0, T[) > 0 and any open set @ CC M x]0, T[ there exists a
constant C which only depends on p, Ey, M, N, R* and dist(2, M x {0}) such that

IVfllLoe < C.

Ey = E(f(-,0)) again denotes the initial energy.

2.5. — Energy concentration

In the theory of the harmonic flow an energy concentration theorem plays
a fundamental role (see Struwe [58]). A modified form of this theorem also
holds in the case p > 2. It shows that the local energy cannot concentrate
too fast.

THEOREM 1. Ifdim(M) = p and f € C*(M x [0, oo[; N) is a solution of the
m-harmonic flow (6) then there exist constants c, &9 > 0 which only depend on the
geometry of the manifolds M and N, and there exists a time Ty > 0 which depends in
addition on Ey and R* (g, f, M x {0}), with the following properties: If the initial
local energy satisfies

S“}j E(f(0), Bar(x)) < &

then it follows

t

(46) E(f (), Br(x)) = E(f(0), Bar(x)) +CE;_ R

1l

forall (x,t) € M x [0, Ty]. Here E denotes the initial energy Eo = E(f(-,0)).
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PrOOF. We make the same assumptions on M as in the proof of Lemma 7.
We choose a testfunction ¢ € C§°(Byg(x)) which satisfies

2
0<¢=<1, ¢=1on Br(x), IV¢I<E

where x is an arbitrary point in M and 4R < (¢ the injectivity radius of M).
Then we test
fi =V fIVFIP)LTN

by the testfunction f;¢? and obtain

7 ' /OT /BzR<x> (F7e* =V sivs 172 fig?) dx dt

T
= / / (f26* + VAV IV fig? +20V0f,)) dxdr
Bar(™)

Thus,

T
// (f, +——|Vf|P>¢2dxdt=-2// VIV f1P2pVof, dx dt .
Byg(x) 0 JByr(x)

This implies
E(f(T), Br(x)) — E(f(0), B2r(x))

1 L
<- IV £17g%dx|
P JByr(x) 0

T T
—/ / f2odx dt —2/ / VFIVfIP2pVef, dxdt .
0 Byp(x) 0 Byr(x)

The second term on the right hand side of (48) may be estimated by Young’s
inequality by the first term and

T
/ / IV FI?P~2|Vo|*dx dt .
0 JByp(x)

In this way we get from (48)

E(f(T), Br(x) = E(f(0), Bar(x)) < 23 / / |V f1?P~2dx dt

Byr(x)

=¢ (/ /sz(x) VST dt)

(49)

1
P

'EI-—'
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using Holder’s inequality in the last step. Now, there exists a number L only
depending on the geometry of M but not on R such that every ball Bg(x)
may be covered by at most L balls Bg(x;). Now remember that in Lemma 5
we found a constant ¢; > 0 with the property that

sup / IVflPdx < &
t€[0,T],yeBy4g(x) / BoRr(»)

T T
- V f|*dxdt < cE (1 + ) .
/0 /BW)' f 0 QR)?

Now we choose gy = % and suppose that Ry < i is such that sup E(f(0),

xeM

(50)

Bipr,(x)) < &o. Then we choose Ty as

p
R
Tozmm{(&—ol) | 1}.
4Lc(2cEy)' 7

Now we claim: For all (x,t) € M x [0, Ty] and all R < Ry there hold

4 t
@) / / IV f1?Pdx dt < cE, (1+ )
0 JByr(x) ! 2Ry?
and
(i) sup / IVF(-,DPdx <61
0<t<t JByp(x)

To see this let T < Ty such that for ¢t € [0, T'] (i) and (i1) hold. Then it follows
from (49) and (50) together with (ii) that

sup  E(f(t), Bagy(x))
(x,)eMx[0,T]

<L sup E(f(t), Bgy(x))
(x,t)eM x[0,T]

<L | sup E(f(0), B r Eo(l + — o
<L | sup E(f(0), ZRO(X))+C_(C o +(2R0)P))

xeM Ro
L a_&a
— 4 4 2

due to the special choice of gy, Ry and Tp. Thus, (ii) and consequently (i) hold
on some larger interval [0, T + §]. On the other hand the interval where (i)
and (ii) hold is closed and nonempty. Hence, (i) and (ii) hold on [O, Tp].
Using (i) in the formula (49) the assertion follows after a short calculation with
a new constant c. O
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3. — Existence results

In order to prove existence results for problem (6) we encounter two main
difficulties:

(1) We have to assure that the image of f remains contained in N for all
time: f(M) C N C Rk V¢t > 0.

(2) The p-Laplace operator is degenerate for p > 2.

In [5] existence for the p-harmonic flow is established for N = S". Due
to the special geometry of the sphere the first difficulty may be handled by the
“penalty trick”. In case p = 2 the same technique has been applied successfully
for general N (see Chen-Struwe [6]). For p > 2 this does not seem to work
any more. Thus, we will try to solve the problem with Hamilton’s technique
of a totally geodesic embedding of N in R* (see [35]).

The second difficulty will be attacked by regularising the p-energy (see
Section 3.2 below). We will then apply the theory of analytic semigroups to
the corresponding regularised operator. Due to the a priori estimates of Section 2
it will be possible to pass to the limit ¢ — 0.

3.1. - Totally geodesic embedding of N in R*

In a first step we will work with a special embedding of N in (R*, h):
We equip R¥ with a metric 4 such that

1. N is embedded isometrically, i.e. the metric g on N equals the metric
induced by h.

2. The metric & equals the Euclidean metric outside a large ball B.

3. There exists an involutive isometry ¢ : T — T on a tubular neighborhood
T of N corresponding to multiplication by —1 in the orthonormal fibers
of N and having precisely N for its fixed point set.

Such an embedding is called totally geodesic: The h-geodesic curve y
connecting x, y € N (x, y close enough) will always be contained in N. This
follows from the (local) uniqueness of geodesics and the fact that with y the
curve to y is another geodesic joining x and y.

A totally geodesic embedding can be accomplished as follows: We start
with the standard Nash-embedding of N C R* and choose a tubular neighbor-
hood T of N: T = Ths = {x € R¥ : dist(x, N) < 28} (8§ small enough and
dist the Euclidean distance). Then we choose locally in N x] — 28, 28[F™" the
metric I~z,~j = gij ® &;; (or like Hamilton in [35] we just take the average of
any extension of g under the action of ¢). Then we smooth out h by taking a
positive C*® function i with support in T»5 and ¥ =1 on T; and by defining

hij = ¥ hij + (1 = )8
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3.2. — The regularised p-energy

DEFINITION 10. For & > 0 the regularised p-energy density of a C!-mapping
f:M— N is 1
2
ee()@) = (e + ldf?)?

and the regularised p-energy of f is

E(f) = /M ee(f)du

where the norm | - | and the measure u are associated with the given Riemannian
metrics on M and N.

For the heat flow of E. we find the equation
(1) fi-af=0

where in local coordinates

1 0
Af=— 2
52) p VY 9xP

N2 L.
+ (e +v* e fif))? vorl fifh

(«/7 (8 + V“ﬂgijf(if@ i Va’gfol,)

(g and y are the metrics of N and M respectively, Ffj denote the Christoffel
symbols related to g). It will be necessary below to attach the related target-
manifold in the notation; we will write gAf, or NA; for that.

The extrinsic form of this equation which we use if N is isometrically
embedded in the Euclidean space R¥ is

(53) fi— A f = (pe) FANYS V P
where in local coordinates

1

A f = ﬁai—ﬂ (ﬁ (s + y“ﬂfjf;J)%_l Vaﬂfa) .

3.3. — The flow of the regularised p-energy

Let us first state a theorem of A. Lunardi (see [48]). We will use a version
which was formulated by V. Vespri in [65].
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THEOREM 2. Consider the following Cauchy problem in a Banach space X

fi=v(f@®) fort>0
fO) = fo

(54)

where W is a C? function from Y to X, Y is a continuously embedded subspace
of X and fy € Y. Assume that the linear operator Dy (fy) : Y — X generates
an analytic semigroup in X and W (fy) € Y then there exists a strict solution f
(in the sense of Lunardi [48]) of (54) on a time interval [0,t], T > 0, and f €
CcL([0, t1, X) N C°([0, 71, Y). Moreover [ is unique.

Now we will apply Lunardi’s theorem to the regularised flow. To do this,
consider a totally geodesic embedding of N in (R¥, k) and the regularised p-
Laplace operator "Af, 1Y > X with X = CO*(M,R¥) and Y = C?>*(M, R¥)
for some o > 0 (the fact that ”Af, maps Y in X is checked directly in the

definition (52)). Y is continuously embedded in X. Now, by expanding "Af,( fot+
k) we find the first derivative of the regularised p-Laplace operator:

DA% (fo): Y — X
ke L (T E =~ D(pe(fo) T3y iy ok fi o 1,
(55) 2y kL fly + ST (P e () TPy PAL)

P 1-% oprl gi gi L op spi g
+ (5 - Dpe(fo)) Py Fiij,afO,ﬁy (hij sk’ fo,6 50,0

. . _2 . . i .
+ 2hi}'f(;,ak,1p) + (P ee(fO))l p yap(rt{j,sksf(;,a ij,p + zrgjfo,ak,jp)

Here upper indices denote components whereas , means % It is not difficult
to check that for f, — f in Y we have D("A;)(f,,) — D("Af,)(f) in L(Y, X)
and hence that the mapping f +— D("Af,)( f) is continuous. Analogously we
find that hA; has a continuous second derivative. The important facts about the

operator D("A%)(fo) for fo € Y are
(1) The coefficients of D(*A%)(fo) are of class C%*(M).

(2) For ¢ > 0 the operator D("Af,)( fo) is elliptic in the sense that the main
part satisfies a uniform strong Legendre-condition.

(1) is obvious. (2) can be checked in case of the Euclidean metric h;;(z0) = §;;
directly from the definition: Then the main part of D("A;)( Jfo) in xg is

Apﬂki _( 1“‘% — 2)y°P i af ¢l % aﬂapsl ki
il *.pp ™ pe&‘(f())) (p )Y fO,cry fO,a+(pe£(f0)) Y T 040; ,PB
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such that we get for an arbitrary vector &, and a uniform constant v > 0
depending on the geometry of M

AL = (pec(fo))' 77 ((p — Dlrace(v&fo)? + (pee(fo)F (€, 8)) = viEP

where (-, -) denotes the inner product induced by y.

For a general metric 7 we use the observation that the main part of
D("Af,)( fo) depends only on the metric # but not on its derivatives. For
the Euclidean metric h;; = §;; the required ellipticity is treated above. Then
ellipticity follows at least for metrics 2 which are close enough to the Euclidean
metric. But we can choose h as close as we want to the Euclidean metric by
choosing the §-neighborhood of N in the construction of the totally geodesic
embedding small (compare Section 3.1).

As Vespri has shown in [65] the conditions (1) and (2) guarantee that
D("A;)( fo) : Y — X generates an analytic semigroup in X. In fact, Vespri
showed that under these conditions there exist constants C, w > 0 such that
for all ¢ € X and every complex number A satisfying Re(A) > w there exists
a solution u € Y of

(r— D)) u=0
with

llullx < ¢ lell
Ullx = — i1elix -
A
Now, Lunardi’s theorem yields existence of a unique local solution f €
([0, 71, C>*(M)) N C([0, ], CO*(M)) of (51) with initial data f, € Y.
Furthermore we have

THEOREM 3. If Im(fo) C N, thenIm(f(-,t)) C N forallt € [0, T].

PrOOF. Let ¢ still denote the involutive isometry on the tubular neighborhood
T of N C RF defined in Section 3.1. We proceed by contradiction. If the image
of f does not always remain in N, we can restrict ourselves to a smaller interval
M x [0,7'], T < 7, such that the image of f does not always remain in N
but in the tubular neighborhood T of N. Since ¢ : T — T is an isometry, the
composition ¢ o f is another solution of (51). Since ¢ is the identity on N this
solution has the same initial value as f, so by the uniqueness of the solution
we have 1o f = f. This shows that the image of f must remain in the fixed
point set N of ¢. O

THEOREM 4. If (N, g) is a totally geodesic embedded submanifold of (R, h)
and f : M — N C RF then A7 f ="A;f.

Proor. We refer to Hamilton [35], Section 4.5, page 108. The proof there
is given for p =2 and ¢ = 0, but it carries over to our situation. O

Thus, according to Theorem 3 we find that for initial data fo : M — N,
fo € Y, the solution f of (51) we found above satisfies f(M) C N for all
t € [0, 7] and is, by applying Theorem 4, a solution of (53) with initial data fj.
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Notice that since we have constructed the local solution for fixed & the
existence interval [0, t(¢)] might depend on £. So, we will have to show that
() A~ 0as e —> 0.

3.4. — An e-independent existence interval

First we formulate the a priori estimates of Section 2 for solutions of the
heat flow of the energy E..

THEOREM 5. Let f : M x [0,7] = N C RY, f e C°(0, t], C>*(M)) N
CY([0, ], CO*(M)), be a solution of (53) with initial value fy. We assume that
€ < 1. Then the following is true if p = m = dim M:

o) / / 19, fPddt + E.(F(0)) = E(fo) < E1(fo) (energy inequality)
0 JM

(ii) There exist constants C, gy > 0, only depending on M and N (but not on € and
fo), and Ty > 0 depending in addition on E|(fy) and R*(gy, f, M x {0}), such
that the condition

sup E1(fo, B2r(x)) < €
xeM

implies

-1t

E.(f(t), BR(x)) < Ei(fo, Bor(x)) + CE1(fo) 7 R

forall (x,t) € M x [0, min{z, Tp}].

(iii) There exists a constant &1 > 0 only depending on M and N (but not on € and
fo) such that

R* = R*(s;, LM x[0,7]) >0
implies for every Q@ C M x [0, ] with dist(2, M x {0}) =pu >0

IVfllLe@ <C

where C is a constant that depends on p, E1(fy), M, N, R* and p.

(iv) For the same constant €1 as in (iii) we have that
R*=R*(e1, LM x[0,7]) >0

implies
IV fllLoomxpo,en < C

where C is a constant that depends on p, M, N, R* and the L°°-norm of the
initial value V fj.
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PRrOOF.

(i)-(iii)): We obtain these assertions by repeating the corresponding proofs
of Section 2. Notice however that the regularised energy E is not conformally
invariant, so every argument based on this fact would break down.

(iv) Here we repeat the three steps of Section 2.2-2.4: We obtain the
L?P-estimate for V f as in Section 2.2 by testing the equation by —¢” ALf.

Using the L2P-estimate for Vf we get the Li-estimates for ¢ < oo as
in Section 2.3 by an iteration argument: In order to obtain the estimate up to
t = 0 we have to choose the cutoff function ¢ independent of ¢, i.e. o, =0 (in
the notation of Section 2.3). Using the testfunction

~V(Vf(e+v)*¢?)

(with v = [V f|?) in (53) we find after some calculation the analogue of (37)

————esssu vH2(- ) dx
Mar D oo [ Ut

akz i} p+2c 2
—_— 1 x o dt
+ (p+2a)2/0r ”U §”L2 (BR)
1
< va-H .,0 2dx
= a1 /s, (+,0)¢

1 -2 -2 +20
+2< TR AL 2)/ 057 |V Pdx dt .
a+p—2 o (p+20)*)Jog

The iteration yields

/ vidxdt <C
OR

where C now depends on the initial datum /, Br v®+1(. 0)dx (xg denotes the
initial value of the iteration).

Finally as in Section 2.4 we use a Moser-iteration to get the L°°-bound for
Vf. Using the same testfunction as in the last step, we obtain the analogue
of (41)

/ v(‘“’%) (H%%‘?‘!—Ilz’)dxdt
OR(oy)

2
Iz

1+
2o +2a+2
<c / v"‘+1(-,0)§2dxdt+/ v%|v;|2dxdt+a/ vp_2_§2dxdt)
Bp ORr OR

Iteration yields

”Vf"L°°(QR(%)) <C

where C now depends on the initial datum ||V fo|lLooar). O
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Now we combine (i) and (iv): Let R = R*(™20LU £ p x {0})/3.
Hence, R is a radius with the property

min{g, &1}
sup E1(fo, B2r(x)) < —5—1 .
xeM
Then (ii) implies that for all + < T*,
81RP

T*=T"(f)) = ————.
2CE(fo) P

the hypothesis of (iv) and hence the conclusion holds:

(56) IV fllLoomxiony < C
for t < min{r, T*} with a constant depending on M, N, p, and R.

Now, for the solution f : M x[0, t] — N of (53) constructed in Section 3.3

we define B: M x [0,7] —» R, B = (pes(f))l_%A(f)(Vf, VFf)u. Then f
is a solution of
fi— Af, f=B

and the results of DiBenedetto [12] apply: We have that ||B|lroomx(o,]) <
C(fo) and the operators {Af,}ge[o’u satisfy the structural conditions of [12],
Section 4.1 (ii) (notice that B(x,t) does not depend on V f). Then we infer
from [12], Section 9.1, that V f is Ho6lder continuous: there is a Holder exponent
« > 0, independent of ¢ and 7, with

(57) IV Fllcodarnpo.ey < C0)

(see also [12], Section 8.1, p. 216).
Combining (57) with the classical results in [44] we obtain for # <min{z, T*}

IV £ Dl oaqy < C

where C depends on f; and also on the modulus of ellipticity &.
Now we can prove that [0, T*(fp)] is the existence interval for the solution
of the heat flow of the energy E, independent of ¢ by “continuous induction”:
Let

I={e[0, T*] : 3@ > 0,3f a solution of (53) on [0, ] with

f € ([0, 1], C>*(M)) N C' ([0, ], C**(M)) and initial value fp}.

Then the interval I is not empty (according to Section 3.3). But I is also open:
If t € I, then we can extend the solution beyond ¢ by solving the flow with
initial value f(z) which is possible as we have seen in Section 3.3. On the
other hand by our time independent bounds for the quantities ||V f|| cOa ()
IV f ||C0,&(M) and || fell .2amxq0.p) O [0, T*] the interval I is also closed and
hence I = [0, T*].
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Thus, we have

THEOREM 6. For p = m = dim M there exists a constant &, > 0 depending on
M and N with the following property:

For arbitrary fo : M — N C R%, fo € C**(M) there exists a time T* > 0
only depending on E(fy), R*(e2, fo, M x {0}) and the geometry of M and N
such that for every € €0, 1] there exists a solution f € C°([0, T*], C%>¥(M)) N
C([0, T*1, CO*(M)) of (53) with initial value fy. Moreover there exist &-indepen-
dent bounds for the following quantities:

”ft”LZ(MX[(),T*]) < C(El (fo))
IV fllLoemxio,ry < CUV follLooary)

“Vf”CO'&(MX[O,T*]) =< C(”VfOIICOYOt(M)) .

Of course the constants C also depend on p, M and N. The constant & depends on
o and ||V foll oo m)-

Combining Theorem 5 (iii) with DiBenedetto’s result in [12], Theorem 1.1°,
Chapter IX, we obtain also

THEOREM 7. For the solution f from Theorem 6 we have for every open Q2 C
M x [0, T*] with dist(2, M x {0}) = u >0

”Vf”covﬁ(g) <C

for some constants C (depending on p, E|(fo), M, N, R*(&2, fo, M x {0}) and )
and B €]0, 1[ (depending on p, M and N).

3.5. - The limite — 0

Let f. denote the solution of the heat flow of the energy E. (with initial
value fj) on the time interval [0, 7*], that we have constructed in the previous
section. The aim is to pass in the distributional form of (53) on [0, T*] to the
limit. Due to the e-independent bounds given in Theorem 6 we know at least
that {f;}ccj0,17 is bounded in WL2(M x [0, T*], N). Thus, we can choose a
sequence & — 0 such that

fo = f weakly in W"3(M x [0, T*], N).
But by the bound for the C%%-norm of V f, we can pass to a subsequence if

necessary, and obtain (observing that C%¥(M x [0, T*]) c C%¥/2(M x [0, T*])
compactly) that

Vf. — Vf strongly in C®%2(M x [0, T*]).
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Now, for a C§° testfunction ¢ we can pass to the limit &g — 0 in

T* T* 1

siwanars [ [

/0 /M  fepdu A Mﬁ
2

: (ﬁ (e + y“ﬂaxafgjaxﬁfsj) ’ )/“ﬂamfa) dppdpdi

- / / 0 (pesf) T ANV VL.
0 M

Thus, we have the following

THEOREM 8. For p = m = dim M there exits a constant &, > 0 depending on
M and N with the following property:

For arbitrary fy : M — N C R¥, fy € C**(M) there exists a time T* > 0
only depending on E( fy), R*(g2, fo, M x {0}) and the geometry of M and N, and
a local weak solution f : M x [0, T*] — N of

fo = BpfLIN

f(’,0)=f(].

f satisfies the energy inequality. Furthermore ||V fl| c0.a Mx[0.7%]) = CUIVSoll co.a ar))
and ||V fllroomxio,r+py < CUIVfollLeory). The constants C also depend on p,
M and N. Locally, for every open Q@ C M x [0, T*] with dist(2, M x {0}) =
w > O, there holds ||V f lcop = C for some constants C (depending on p,
E(fo), M, N, R*(e2, fo, M x {0}) and u) and B €]0, 1[ (depending on p, M
and N).

For small initial data, i.e. if |V follLpmy < €1, the existence is global (¢ is the
constant from Theorem 5).

ProOE. We have already seen that f is a weak solution of the flow on
[0, T*]. The energy inequality follows in the limit ¢ — O from Theorem 5 (i)
and the bounds for IV fllco.aarxpo.r+p @and IV flleoaxo,r*p) from Theorem 6.
The local bound for ||V f| c08(Q) folfows from Theorem 7. O

3.6. — Short Time existence for non-smooth initial data

We can now prove short time existence for a wider class of initial values:

THEOREM 9. For p = m = dim M there exits a constant €, > 0 depending on
M and N with the following property:

For given initial value fy € W'“P(M, N) there exists a time T* > 0 only
depending on E(fy), R*(e2, fo, M x {0}) and the geometry of M and N, and a
weak solution f : M x [0, T*] - N of

fr = Ap fLTFN
f("0)=f0'
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[ satisfies the energy inequality. Locally, for every open Q@ C M x [0, T*] with
dist(2, M x {0}) = u > O, there holds ||V f ”c‘)vﬁ(sz) < C for some constants
C (depending on p, E(fy), M, N, R*(e3, fo,M x {0}) and p) and B €]0, 1]
(depending on p, M and N).

For small initial data, i.e. if |V follLp) < €1, the existence is global.

Proor. From Bethuel-Zheng [2] we infer that C*°(M, N) is dense in
WLP(M, N). Hence, we can approximate the given f; by smooth functions:
there exists a sequence {@,}nen in C®(M, N) such that ¢, — fy in WHP(M, N).
Let f, denote the solution of

& f— A, fLT;N
fG,00=9,.

Notice that for every ¢ > O there exists a radius R > O such that
sup,ep E(@n, BR(x)) < € for all n € N. According to the construction
of the time T* in Section 3.4 there exists an existence interval [0, T*],
T* > 0, valid for every solution f,. Using the energy inequality of
Theorem 8 for the solutions f, we find a subsequence (still denoted by f,)
such that

fo — f weakly* in L™ (0, T*: W'P(M, N))
and
3 fo — 8 f weakly in L2 (0, T*; L2(M)) .

The local estimate on ||V f, "CO,,S(MX[I’T*]) for t > 0 also from Theorem 8
implies (after passing to another subsequence) that

Vf, — Vf strongly in C*?2(M x [t, T*)).

Choosing ¢t = TT* we obtain, by iterated extraction of subsequences and passing
to the diagonal sequence, that

Vf, — Vf strongly in COP2(M x [t, T*))

for all ¢+ > 0. This allows to go to the limit n — oo in the weak form of the
equation for f,.
The energy inequality and the local estimate for ||V f lcosy < C also

follow in the limit. O

3.7. - Global existence and partial regularity

Once we have established local existence for initial data in W™ (M, N),
we can try to extend the local solution beyond an occurring singularity. It will
be possible to find an a priori bound for the number of singular times which
enables us to obtain global existence by repeating the extension finitely many
times.
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THEOREM 10. For given initial value fo € W' (M, N) there exists a weak
solution f : M x [0, co[— N of the m-harmonic flow

fi — AnfLTfN
f('v O) = fO'

f satisfies the energy inequality and is in W™ (M) weakly continuous in time.
There exists a set ¥ = u,{;lzk X {T}, Zx C M, 0 < Ty < 00, such that on every
open set Q@ C M x [0, oo[ with dist(2, (M x {0}) U X) = u > O there holds
IV fllcopqy < C for some constants C (depending onm, E(fo), M, N and ) and
B €10, 1[ (depending on m, M and N ). The number K of singular times is a priori
bounded by K < el“lE (fo) and the singular points (x, T;) are characterized by the
condition lim sup, STy E(f(t), Br(x)) > & for any R > 0. At every singular time
T the decrease of the m-energy is at least €;:

E(f(TY) < liminf E(f (1) ~é1.

Proor. We can extend the local solution of the last section, which is defined
on [0, T*], to a maximal interval [0, T[ where T is characterized by

() Vf e cpfmxio, TiD,

(ii) there exists x € M such that limsup, 2T, E(f(t), BR(x)) = & for any
R > 0.

In fact, if f is a solution on I = [0,¢[ or I = [0,¢] such that Vf €
C,?,’cﬂ(MxI) and for all x € M there exists R > 0 with lim Sup; s E(f(t), Br(x))
< g1, then there holds R* = R*(¢;, f, M xI) > 0. According to the construction
in Section 3.4 we set
e1(R*)?

7= ———
4CE(fo)' 7

and can then find a solution of the m-harmonic flow with initial value f(-,t—
TT*) on the time interval [t — 121, t+ TT*]. (This extension of the solution is
unique as we will see in the next Chapter.)

Now, the energy inequality implies that

(58) f(-,t) = f(-, Ty) weakly in W"P(M).

In fact, since f;, € L2(M x [0, T;[) we have that f,(x, -) € L%(0, Ty[) for
a.e. x € M, and hence we can write f(x,T7) = f(x,0) +f0T‘ fi(x,s)ds for
almost all x € M and f(x,t) > f(x,T;) ae. x € M as ¢t /' T;. On the other
hand, since || f(-, Dllwt.r o is bounded on [0, T1[ we have (58) at least for a
sequence #; /' T. To prove that we have convergence for an arbitrary sequence
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& /' T we argue as follows: Let ¢, ¢ € L”’(M) be fixed. Then we have for
¢, ¥ € C(M)

‘ /M (F G, D) = Fr, TS ) + V(F (1) — f(x, TV () dpe
< / 1f G, 1) = Fx, T 0O ldi + / 1) = £ T 16 () — B0l
M M
+ ] /M V(1) — fix, Tl))sZ(x)duj
+ /M V(1) = Fox, T () — T ()ldu

< max |80 [ 1560 = £0x, T lds
1

1
+ (/ |fCx, 1) — fx, T1)|”du> ’ (/ ¢ (x) — qNS(x)IP’dM) ?
M M

+ max [V (o) /M 1f G 1) — fo Toldu

3|~

1
+</ IV(f(x,t)—f(x,Tl))I”dlL)p (/ |1//(x)-{}(x)|1"du)" .
M M

Let some ¢ > 0 be given. Since f(-,t) is bounded in wbhe (M) we can
make the second and the fourth term each smaller than § by choosing ¢ close
to ¢ and ¥ close to ¥ in L” (M). Then, by choosing ¢ close to T; the first
and the third term become smaller than } (this follows by Lebesgue’s theorem).

On the other hand we have seen that at time 7 there exist points x € M
such that

(59) limsup E(f(-,1), Br(x)) > €
t /Ty

for any R > 0. Now for such a point x satisfying (59) and for R > 0 let
Mgr = M\ Bgr(x) and Ey = E(f(0)). Then we have

Eo — &1 > Eg — limsup E(f(¢), Br(x)) >
I/Tl

> “,’%{‘f (E(f(@®) — E(f(@®), Br(x))) =
= litrggle(f(t), Mg) >

(60)

R\O
> E(f(Th), Mg) — E(f(T1), M) > 0.
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From (60) we conclude that we have
E(f(T) < Eo— &1

for the energy at time T;.

Now, for any 2 CC M x]0, T1]\ £; x {T1} (21 the set of singular points,
i.e. the set of points satisfying 59)), there exists a radius R > 0 depending on
Q such that

sup E(f(t), Br(x)) < €.
(x,1)eQ

Thus, our solution f on [0, T;[ extends to a solution on M x [0, T1]1\ ¥ x {T}
with Vf € CO8(Q).

In view of (58) we can use f(-,7T;) as new initial value and iterate this
process. Piecing all the resulting solutions together, we obtain a global solution
as asserted. Applying (60) at every occurring singular time 7; we conclude
that we are a priori given an upper bound for the number K of singular times
Ti,..., Tk, namely

K < E(fo). -
€1

4. — Uniqueness in the class L>(0, T; W1:°°(M))

In the case p =2 Struwe proved uniqueness of the harmonic flow on
Riemannian surfaces within the class in which he obtained existence (see Struwe
[58]). In the non-conformal case uniqueness fails to be true as counterexamples
of Coron (for p = 2) and of the author (for p > 2) show (see [9] and [39]). In
this section we show that if two solutions of the p-harmonic flow coincide at
time ¢ = 0 they coincide on the time interval [0, T[ provided the L*-norm of
the gradients remains bounded during that time. Let us start with a technical
lemma.

LEMMA 11. Let p > 2. Then there holds for all a, b € R
(lalP~%a — bI”~2b) - (a — b) > cla — b|lal + |bI|"~*.

with a constant ¢ > 0 which only depends on the inner product.

Proor. By a suitable rotation and dilatation, the problem reduces to two
dimensions where the verification is elementary. In the case of the standard
inner product the best possible constant is ¢ = 271_7. O
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THEOREM 11. Let f1, f> be weak solutions of

at

fli=o = fo

and suppose that fort € [0, T there holds |V fi| +|V f2| < C < oc. Then f; = f>
on M x [0, T].

{ % _A,f LTyN

Proor. We test the difference of the equations for f; and for f, with the
testfunction v = f; — f, and get

1 2
— L 0ld
2/M'”( )2du
d aft Afi\5-18f
af A
+/0 /M((y ox® Bxﬂ) 0x°

61 _ (a8 0 3PN\ 0f
©b (y axe axﬂ) 9x°
Gp(a_fl__a_fz

d0xP  dxP

t
§c/ / (|v||vU||VF|P"1 +v2|VF|”) dudt
0 JM

)d,udt

with the shorthand notation |[VF|:= |V fi| + |V f2l.
The second term /1 on the left hand side of (61) is estimated by

t
(62) 11 ZC/ / IVu|?|[VF|P 2du dt .
0 JM

This inequality follows from Lemma 11.
Now we interpolate the term on the right hand side of (62) by using
Young’s inequality for the first term on the right of (61):

t
//lvllellVFl”_ldudt
0 JM

t
(63) 5%/0 /MIVv|2|VF|P'2dua't

1 t
+—/ / VIVF|Pdudt .
2¢e 0 JM

Putting all the above inequalities (61)-(63) together, we get

t t
(64) / Iv(-,t)lzdu+// |Vvl2|VF|”“2du,dt§c/ / W2 |VF|Pdudt .
M 0 M 0 M
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Using the assumption |VF| < C on M x [0, T[ we get from (64)

t
65) / (-, O)Pdp <c / / vidpdt
M 0 M

with a new constant ¢. The right hand side of (65) is increasing in ¢ and hence
we get

sup [ [w(-,)Pdu<ct sup [ |v(-,t)|%du.
t'e[0,t] VM t'e[0,t] /M

Thus, for t < % we get v = 0 for +' € [0, ¢]. Iteration of the argument proves
the assertion (notice that the constant ¢ remains the same during the iteration
process). O

In the conformal case, we get the following corollary:

COROLLARY 1. Let f| and f, be weak solutions of

{ ¥ —Apf LT;N
fli=o = fo

for initial data f, € W“®° (M) with p = dim M. Then f| = f, on a time-interval
[0, T] where T depends on ||V follLoomy. Furthermore, there exists &1 > 0 such
that

/ IV folPdp < &1
M

implies fi = f, forallt > 0.

REMARK. It is an open question whether the m-harmonic flow (m > 3)
develops singularities in finite time (numerical calculation lend some support to
the conjecture that this is the case).
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