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PAPPUS PORISMS ON A SET OF LINES

NORBERT HUNGERBUHLER

ABSTRACT. The Theorem of Pappus and the Scissors Theorem can be interpreted as
porisms on two lines. We are concerned with the question whether corresponding closing
figures can also be realized for more than two lines and any number of reversion points.
It turns out that this is indeed the case, both for concurrent and for non-concurrent lines.
We explicitly determine which conditions the reversion points must satisfy. All resulting
porisms can be constructed with ruler alone. Along the way we show that the Theorem
of Pappus and the Scissors Theorem are equivalent.

1. INTRODUCTION AND NOTATION

Let P be a point in the projective plane and ¢, ¢, be two lines not incident with P. We
will always denote the intersection of ¢; and ¢, as O. We consider the reversion map
{1 — £,Q — R, where P, Q, R are collinear (see Figure 1). P is called reversion point.

Figure 1. The reversion map.

Throughout this paper we will use the notation

P
Q b b R
for the situation shown in Figure 1. If it is clear from the context which lines are involved,
we will omit them in the notation. For completeness we remark that the reversion map
from ¢; to ¢, through the point P can be extended to an involutive projective map of the
whole plane with fixed point P and a fixed point line ¢, where (¢1, {2, OP, {) is a harmonic

pencil of lines.
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PAPPUS PORISMS ON A SET OF LINES

The Hexagon Theorem of Pappus can be formulated as a porism in the projective plane:

Theorem 1 (Pappus Porism). Let Ay, Aa, ..., A be a Pappus hexagon on the lines {1, {, with
intersection points Py, P,, P3 on the Pappus line ¢, noted as

P, P, P, P, P, P.
Al — Ay =2 Az =5 Ay — As =5 Ag — Ay

(see Figure 2). Then there exists a Pappus hexagon A}, Ay, ..., Ay on {1, with the same inter-
section points Py, Py, P5 for any point A’ on {;:

Y RSy [ Iy LNy N | I VLNV (1.1)

The cases when A/ is the intersection of {1 with ¢ or ¢, are considered as degenerate
situations.

Note that we can also make the hexagon start at a point A’ on ¢, instead of ¢, and it
closes in the same way as indicated in (1.1): Indeed, if A},..., Af is a closing hexagon
with starting point A} on ¢;, we can renumber the points A} cyclically by taking A} as
new starting point A} on /£,.

Proof of Theorem 1. By the Theorem of Pappus, applied to the hexagon Ay, ..., Ag, the
points Py, P, P3 are collinear. Then the Braikenridge-Maclaurin Theorem for degenerate
conics (see, e.g., [2, p. 76]) applied to the points A}, A}, ..., AL and the points P, P, Ps
implies that Ay, lies on £,. O

!

Figure 2. Pappus hexagons Ay, Ay, ..., Ag and A}, A}, ..., AL,

The Scissors Theorem is also a porism:

Theorem 2 (Scissors Theorem). Let Ay, Ay, Az, Ay be a Scissors quadrilateral on the lines
01, Uy with intersection points Py, Py, P3, Py on aline ¢, i.e.,

Ay DAy Boas Byoa, oAy 1.2)
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(see Figure 3). Then there exists a Scissors quadrilateral A}, A}, A}, A} on {4, with the same
intersection points Py, Py, P3, Py for any point A’ on ¢4 and £:

Y/ Ny [ Ny TSNy VLNV (1.3)

Note that, in contrast to Theorem 1, it makes a difference whether we start with A’1 on
¢1 or on l: A closing quadrilateral A}, ..., A} with starting point A] on ¢; cannot be
renumbered cyclically with A/, as new A} on ¢, such that (1.3) results. Stated differently:
The green and blue closing quadrilaterals in Figure 3 cannot be made to coincide by
sliding the starting point.

Aj
Figure 3. Scissors quadrilaterals Aq, Ay, ..., Ay and A}, A}, ..., A).

Also here, the cases when A] is the intersection of {1 with ¢ or ¢, are included in the
theorem as degenerate situations. The Hexagon Theorem of Pappus and the Scissors
Theorem are closely related. In fact we have:

Proposition 3. The Scissors Theorem is equivalent to the Hexagon Theorem of Pappus.

Proof. Let ABCDEF be a hexagon with A,C,E on a line ¢ and B, D, F on a line / (see
Figure 4). Let P be the intersection of AB and DE, Q the intersection of BC and EF,
and R the intersection of CD and PQ. Finally, let S be the intersection of PQ and AD.

Consider the quadrilateral ABCD which has the intersection points P, Q, R, S with the
line PQ:

AlpZctpa
Hence, according to Theorem 2, we have the closing quadrilateral DEFA:
pLESFX A
In particular, all pairs of opposite sides (AB and DE, BC and EF, CD and FA) in the
hexagon ABCDEF meet on PQ.
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F

Figure 4. The Scissors Theorem implies the Theorem of Pappus.

C

Figure 5. The Theorem of Pappus implies the Scissors Theorem.

For the reverse implication, consider the quadrilateral ABCD with A, C on a line g and
B,D on a line h. Its intersection points with a line ¢ are denoted by P, Q, R, S (see Fig-
ure 5):

AL c DS a
Let A'B'C'D’ be another quadrilateral with A’,C" on h and B'D’ on g such that A'B’
passes through P, B'C’ passes through Q and C'D’ passes through R. We want to show

that D' A" passes through S. To see this, we apply the Theorem of Pappus to the hexagon
ABCA’B'C’ and find that the intersection point T of A’C and AC’ belongs to . Then, by
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applying the Theorem of Pappus to the hexagon ADCA’'D’C’ it follows that, indeed, S
belongs to D’ A’. We conclude that every quadrilateral A’B'C’D’ through P, Q,R,S and
starting point A’ on & closes:

AL p & o Rop S oan

By exchanging the role of ABCD and A’B’C’'D’ we find that also every quadrilateral
ABCD with starting point A on g closes in the same way. U

The purpose of this paper is to investigate whether porisms like Pappus’s or the Scissors
Theorem are also possible for an arbitrary number of reversion points in a position as
general as possible, and whether variants with more than two support lines also exist.

In the next section we will show that the position of the points P; in the Theorems 1
and 2 can be characterised and expressed by the cross ratio. At the same time we will
generalise the porisms to an arbitrary number of points. We should add here, that the
porisms which we will develop are also inspired by the Butterfly porism and its relatives
on conics: See [4, 6, 7, 8,9, 5] and recent generalisations in [3].

2. GENERALIZATION AND QUANTIFICATION FOR TWO LINES

In the following, we denote by (A, B, C, D) the cross ratio of collinear points A, B, C, D.

Theorem 4. Let {1, {5 be two lines and ¢ a third line intersecting {1 in Sy and {5 in Sy # Sy.
Let Ay, Ay, ..., Aoy be points that lie alternately on {1 and {5 with intersection points P; of £ and
A;Aitq (indices read cyclically, see Figure 6). Then we have

n

[ 1(S1, 82, Pay, Paiya) = 1. (2.1)
i=1

Vice versa, if (2.1) is valid for points Sq1,S2, Py, ..., Poy and 44 is a line through Sy and {5 a line
through Sy # Sy, then the porism

P; P, P Py, Py, P
Al 5 Ay 3 Az 2 0 Agy 2L Agy S A4 (2.2)

is valid for every Ay on {1 and on {.

Proof. Let O denote the intersection of ¢; and ¢, (see Figure 7). We define d(X,Y) :=
log(O, Sz, X, Y) as a signed projective distance on ¢, with the properties

d(X,Y)=—d(Y,X)and d(X,Y)+d(Y,Z) =d(X, Z).
Observe that (O, Sy, X, Y) = (51,52, X, Y') for an arbitrary point P ¢ {O, S1} on 4;.
It follows that

n

n
log [ [(S1, 52, Pai, Pait1) = ) d(Azi, Asiyz) =0

i=1 i=1
which proves (2.1).
On the other hand, suppose that (2.1) holds. Then there is a closing 2n-gon
A DAy Boag BB a0 P A, B4,
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Figure 6. Illustration for Theorem 4 with n = 3.

Figure 7. Projective distance on /5.

for which (2.1) holds with a point P>, on ¢ in place of P»,. It follows that P, = P, and
we are done. ]

Remark 5. Notice that condition (2.1) is automatic for n = 2k + 1 if P, = P, fori =
1,...,n. In particular, the original Pappus porism 1 follows immediately with n = 3.

Now we address the case when ¢, ¢ and ¢, are concurrent.

Theorem 6. Let ¢, (1,0, be lines through a point S. Let A1, Ay, ..., Asn be points that lie
alternately on ¢y and ¢, with intersection points P; of { and A;A; 1 (indices read cyclically).
Then we have

.Z =0, (2.3)
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where OP; denotes the oriented euclidean distance between O and P;. Vice versa, if (2.3) is valid
for points S, Py, ..., Py, and {1, {5 are lines through S then the porism

Py P Py Pop—2 Poy1 P,
A1*>A2—>A3‘> L>Aznln*>Azn‘>Al (24)

is valid for every Ay on {1 and on /.
Proof. Using a projective map we may assume that in projective coordinates O = (0,0,1),

Agiv1 = (€2it1,C2i41,1), Asi = (21, —€2i,1), and £ = (0,1,0). It is then easy to compute

P = (Czi’r% 0,1) and (2.3) follows immediately. Observe that condition (2.3) is invariant

under projective transformation and hence the claim follows. U

Remark 7. Notice that condition (2.3) is automatic for n = 2k +1if P, = P, fori =
1,...,n. In particular, also in this case the original Pappus porism 1 follows with n = 3.

3. GENERALIZATION TO NON-COLLINEAR REVERSION POINTS

It turns out that Pappus-like porisms also exist for points P; which are not collinear.

Theorem 8. Let {1, (5 be lines and Py, . .., Py,_1 points not incident with {1 and ¢,. Then there
exists a unique point Py, such that the porism

P2n 2 Ple 1 Poy
Al A2 A3 oo AZH 1 AZH

is valid for every Ay on (1.

A (3.1)

Proof. Consider three points A, A}, A] on ¢; and their cross ratio with the intesection
point O of ¢; and ;. Then we define the points

b b 17

p; / / "
Ai = A, Ay — Ay, A7 — A

i
fori=1,2,...,2n — 1. Observe that

(O, A, '1, A’ll) = (0, Ay, A'2, A'z/) =...= (0, Az, A/an A/zln).
Hence the lines A1 Aj,, A]A}, and A A}, are concurrent in a point P»,. Since this point
does not depend on the position of A}, we are done. O

Observe that the proof shows how the point P», can easily be constructed with ruler
alone. In particular, we have a second formulation of Theorem 8:

Corollary 9. Let ¢4, {5 be two lines. If

Py, P
AL D A, Boas B B oa B oA Poa (3.2)

holds for two different points Ay and A’ on {1, then this porism holds for all Ay on {1.

Notice, that the chain in (3.2) will not close in general if we start with a point A; on ¢
instead on /7.

We now want to give a quantitative version of Theorem 8:
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Theorem 10. Let ¢4, {5 be lines intersecting in O, and Py, ..., P>, be points not incident with
41 and {5 such that the porism

P; P P Py » Py, P
Al — Ay 3 Az S 0 S Agu — Agy 5 A4 (3.3)

is valid for every Ay on {1. Then, for the lines §; = OP; we have

n

[ 100, 02, 82i-1, 82i) = 1. (3:4)

i=1

Proof. We start with the case n = 2: Choose A; as intersection of the lines P; P, and P3Py,
and A as intersection of P; Py and ¢;: See Figure 8. Then the points Py, P, Ps, Py, A1, A},
form a complete quadrilateral. We consider the pairs g, g3 and g2, g4 as pairs of conju-
gate lines. This defines a line involution with respect to which ¢; = OA; and ¢, = OA),
are conjugate lines (see Chasles [1, Note X, § 34, (28), p. 317]). In particular, we have

(£1/£21g11g2> = (52;61,83,(‘{4)
which implies ({1, 2, g1, 82) (41,42, §3,84) = 1.

Figure 8. Illustration for Theorem 10 with four reversion points.

Now we proceed by induction: Assume that (3.4) is established for n — 1. According to
Theorem 8, there exists a point P>, such that the porism

Py P, b Poy—n Pop—3 Poys
A] — Az — A3 — ... L) Az,z_3 L> Azn_z L> A1

is valid. Denote $»,—2 = ODyy,_». By the induction hypothesis, we have
(41,02,81,82)(01,02,83,84) - - - (41,02, §2n—3,§on—2) = 1. (3.5)
On the other hand we have

Doy P2 Py Py,
Al —— Ay —— Agy1 —— Ay — A
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with

(1,02, §on—2,§on—2) (41,02, §on—1,82m) =1 (3.6)
from the base case. In the product of (3.5) and (3.6) the terms involving >, cancel out
and we obtain (3.4). O

For later use we retain the following consequence of Theorem 10:
Remark 11. If the porism

p(1)

Pznfz p2n71 2n
A1 A2 A3 —) e, — AZn—l — A2n — Al
is valid for all points A; on /1, and if the porism
(2)
/ P2n 2 PZn 1 PZn !
A A2 A3 ceo — Ab, 1 — AL, = A

is valid for all points A on ¢, then the points O, PZ(n) and Pz(n) are collinear.

The next theorem explains, in which situation the porism in (3.1) is valid for A; on ¢; and
on /. The first two cases, (I) and (II), are degenerate cases, the interesting generic case
is (III):

Theorem 12. Let Py, ..., Py, be given points not incident with two lines ¢1,¢>. Then the
following is true:

(I) If Py, ..., Py_2 have the closing property

Py,
A oa Boas B B A P A P g 3.7)

forall Ay on tyand on by, then Py, ..., Pyy_2, Poy_1, Py have the closing property

AP A, Byoag By B B g, P (3.8)
for all Ay on €1 and on ¢y if and only if Py,_1 = Pay, is an arbitrary point in the plane not
incident with ¢1 and ¢5.

(I1I) If Py, ..., Poy_ have the closing property (3.7) for all Ay on {1 but not for all A1 on £,
then the porism (3.8) cannot hold for all A1 on (5.

(I1I) If Py, ..., Poy—p do not have the closing property (3.7) both for Ay on ¢y and for Ay on £y,
then there is a line £ with the property that for an arbitrary point Pa,_1 on £ not incident
with ¢4 and Uy there is a unique point P», on £ such that Py, ..., Psy_2, Poy_1, P2y have
the closing property (3.8) for all A1 on ¢1 and on {5. No other choice for Py,_1 and P, is
possible.

Proof. (I) Clearly, if (3.7) holds for all A; on /1, then (3.8) holds for all A; on /; if and only
if P,_1 = P»,. And the same is true for ¢, in place of /;.

(IT): As in case (1), if (3.7) holds for all A; on /3, then (3.8) holds for all A; on ¢; if and only
if Po,_1 = P,. Butif P»,_1 = P,, then (3.8) cannot hold for an A; on ¢, for which (3.7)
fails.
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(III): Suppose first that the porism (3.8) is valid for all A; on ¢; and ¢,. Consider three
2n-gons Aq,..., Ay, Ay, .., AL, and A],..., Al as in Figure 9. Then, by the Pappus
Theorem applied to the hexagons

Hy = AlA/zn—lA/ZnAllAM—lAZn and H, = AlA/Z/n—lAIZ/n /Z/n—lAZn
it follows that P»,_; and P,, must lie on the common Pappus line ¢ of the two hexagons.
The lines A1 A), ; and A} Aj,_1 determine the point X on /, and the lines A; A%, _; and
A Ay,_q determine the point Y # X on ¢. Thus, / is determined by P, ..., P»,_» by

the construction above. Hence P,,,_1 must be chosen on ¢ and once P,,_1 is fixed, the
location of P, on ¢ follows.

a2n—1

Figure 9. The blue line ¢ is determined by the points Py, ..., Py,_».

Now the converse: Let us first choose an arbitrary point A; on ¢; for which (3.7) does not
close. Then, we choose two different points A}, A] on ¢, for which (3.7) does not close
either. This defines the polygonal chains

Py P, P Py 3 Py
A1 — Az — A3 — ... - A2n72 *)n AZn—l
P P. P: Py, Py,
!/ 1 / 2 / 3 2n—3 / 2n—2 /
Al — AZ — A3 — ... p—p 7 AZn—l
P P, P Py, Py,
no no 2 3 2n—3 17 2n—2 17

Then the intersection X of the lines A; A’Zn_1 with the line AQAZHA and the intersection Y

of the lines A A%, _, with the line A} Ay, are different and define a line ¢ (see Figure 9).

Choose a point P,,,_1 on £ such that the line A,_1P,_1 intersects ¢, in a point Ap,. The

Doy Pay
line Ay, A; then intersects ¢ in a point P»,. Hence, Aj,_1 2 Ay, and Ay, —5 Ay
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Now we consider the intersection A}, of the lines A, ,P»,—1 and A|P,, and the inter-
section Af, of the lines AY, | P,,_1 and A P,,. By the Braikenridge-Maclaurin Theorem
applied to the hexagon Hy = A1A), A}, A Ax,_1Ay, it follows that A}, € ¢. Simi-
larly, by considering the hexagon Hy = A1 A}, | Al A As,_1Ay, itfollows that A, € ¢;.
Hence, the porism

Py n

= A, A

is valid for the initial points A} and A} on ¢;, and hence by Corollary 9 for all initial
points on £,. On the other hand, we know from Theorem 8 that a unique point P, exists
with the property that

P P P Poy
/ 1 /! 2 / 3 2n—2 /
Al — Ay = A3 — ... — Ay

n— P n— P n
A DAy Boag BB Ay, 2 o4, oA
holds for all A; on ¢;. But P, has this property for the original initial point A; we
started with. Hence, P,,,, P, and A; are collinear. In view of Remark 11 this implies that
P,,, = P,,, and we are done. O

Notice that the proof gives a concrete and simple construction for the points P,,_; and
Py,

At the end of this section we considered the question whether porisms with more than
two concurrent support lines are also possible. Indeed, the proof of Theorem 8 carries
over to an arbitrary number of concurrent lines ¢y, ..., {, k > 2:

Theorem 13. Let (1, ..., ¢ be lines (not necessarily distinct, but {y # ¢1) and Py, ..., P4
points not incidents with the given lines. Then there exists a point Py such that the porism
P B By

P P,
L Ay As . Ay Ay
by A (SR b3 Ay b1 b 4

Aq
is valid for every Ay on (1.

An example is shown in Figure 10.

Figure 10. Illustration for Theorem 13: Py, P;, P3 determine P;.
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The next theorem shows that one can construct a porism also by adding a suitable sup-
port line instead of a reversion point.

Theorem 14. Let ¢4, ¢> be lines which intersect in O and Py, P, P3 three collinear points not
incident with {1 and 5. Then there exists a line {3 such that the porism

Py P, b
A Az

A
Ly 6l 64

Aq
is valid for all Ay on ¢;.

P, . .
Proof. Choose A; on /; and consider the point A; ﬁ Aj. Denote the intersection
1 2

of the lines A1P; and A,P, by Asz. Then the points Py, A, A3, P3, A1, P, form a complete
quadrilateral (see Figure 11). In particular, if we consider the lines OP,, {1 as conjugate

Figure 11. Proof of Theorem 14.

lines and also £, OP;, then these four lines define a line involution with respect to which
the lines O A3 is the conjugate line of OP;. Hence, the line /3 = O A3 is determined by the
lines OP;, OP,, OP;, ¢4, {5, and the porism must close on this line. ]

Notice that the previous theorem is not valid if P, P, P3 are not collinear. However, it
generalizes easily to an arbitrary number of lines and reversion points:

Theorem 15. Let ¢y,...,¢, be concurrent lines and Py, ..., P, reversion points not incident
with the given lines. Then there exists a line ¢ with the following property: For any point P, 1
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on ¢, not incident with the lines {1, . .., Ly, there is a line £,1 such that the porism

P1 Pz Pnfl Pn Pn+1
Al A2 R An An—H —_— A1
bty b b s b1 Ly by Ly liy1 4

is valid for every Ay on (1.

Proof. Consider three points A;, A}, A{ on /1 and the points

Py P Py
A1 A2 ce n—> An
b (24 i1 Ay
P, P, pP,_

/ 1 / 2 n—1 12
Ay A, . A
[ (SRR 4 b1 An
P, P p,_

" 1 i 2 n—1 17
Af 5 . — A
[ b A i1 An

Then we have for the cross ratios (O, Ay, A}, A) = (O, Ay, A}, Aj}). Thus the points
A1Ay, AJA), and A A] are concurrent in a point P. Now we are in the situation of
Theorem 14: We can choose an arbitrary point P, on the line ¢ through the points P
and P, and construct the line £, by a line inversion such that the porism closes. ]

4. NON-COLLINEAR LINES

In this section we consider lines ¢4, ..
can construct reversion porisms:

Theorem 16. Let {1, ..., ¢, be lines, {1 # €y, ly, and Py, ..., P,_» be points not on these lines.
Then there exists a line £ such that one can choose an arbitrary point P,_1 on £ which then
determines a point P, such that the porism

., ¥, which are not collinear. Also in this case one

Pl pz P -2 P -1 P
Al Az . . An,1 n—> An — A1
4 b b l3 Ly by 1 by Ly Ly %

is valid for every Ay on (1.

Proof. Let O1 be the intersection of /1 and ¢,, and A;, A}, A] points on ¢; (see Figure 12).
Consider the points

Aq

"
1

Oq

b

P

A2 A -1
hoh b4 ba lyy "
P, P, P, >
1 A/z 2 n :171
[R5 b 3 [ S
Py " P Pya "
ly b 2 bl U3 la Ly n—l
P P P>
02 - On1
bty by b L loo Uy
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Figure 12. Proof of Theorem 16.

and observe that (01, Ay, A}, A]) = (On-1, An-1, A " 1)- Let X denote the inter-

n=1/%"n
section of /1 and /,,. Then there is a unique point X on ¢,,_; with the property

(X/ Al/ /]/A/]I) = (XI Anfll ;171’ Z*l)'
Now let ¢ be the line joining X and X and choose P,_; on ¢, not incident with ¢; and

N ) .
¢,_1. In particular, we have X ﬁ X. Consider the points

n—1 n
Py / Py / 1/ Py 17
Ay —— Ay, Ay — A, A —— A,
n—1 En én—l En gn—l én
Py
and 0,1 —— O,.
Zn—l En

w1 On—1, X equals the cross ratio of the
four corresponding image points Ay, A, A}, Oy, X. In particular, the lines A1 A,, A} A},
A A}, 010, are concurrent in a point P,. O

The cross ratio of four of the points A,_1, A}, ;, Al

An Example is shown in Figure 13.

We remark that a particularly simple case occurs if £, passes through O;: Then X is the
point O,,_1.
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Figure 13. Theorem 16 for n = 4: The lines /1, ..., ¢; and the reversion points P;, P, are
given and determine the line /. Then the point P; can be freely chosen on ¢ and Py is
uniquely determined thereafter.
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