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0 Introduction

Let M be a compact m-dimensional smooth Riemannian manifold without bound-
ary and N is the unit sphere §” of R**!. In local coordinates (x;, x,, . . . , X,,) the
metric g on M is represented by the matrix (gs)mxm. For a C’-map
u: M - N = R*" in the local coordinates on M we denote

ou'
Vu = < >
Oxa mxn+ 1)

ou' out
2 _ aff
Vul szg dx, 0x;

and

where (g**) is the inverse of (g,p).
For | < p < o0, the p-energy of the map is given by

0.1 E) = [ |Vul"/Igldx
M
where g = det(g,).
A critical point u on C*(M, N) of the p-energy E is called a p-harmonic map.

The Euler—Lagrange equation of E satisfied by p-harmonic maps from M to
N=238"is

0.2)

<|v P2 “WG >=|Vuv’u

If a map ue W!F(M, N) satisfies (0.2) in the sense of distributions, u is called
a weakly p-harmonic map. Here the Sobolev space W!'?(M, N) is

WHP(M,N) = {ue WH?(M,R""*)|ue N for ae. xe M} .

Iglax
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The regularity of minimizing p- harmonic maps between two compact smooth
Riemannian manifold has been widely discussed, see [HL, GM, FH, L, CGu].
Motivated by these results we study the existence of p-harmonic maps. The
following question arises: Given a map uo € W7 (M, N), can u, be deformed into
a p-harmonic map u: M — N7 As well known, the “heat flow” method has been
studied by Eells and Sampson [ES] to derive the existence of harmonic maps in the
case where N < IR* has nonpositive sectional curvatures. In such a case, it has been
shown that there exists a global smooth solution u: R, x M — N to the following
Cauchy problem

0.3) u— Apu = A@W){du, du), YVt >0,xe M,
0.4) u0, x) = up(x), ¥xeM.

where A(u): T,N x T,N € (T,N)* is the second fundamental formof N in IR* and
up € C**(M, N). Without the assumptions on the curvature, the solution to
(0.3)—(0.4) may blow up in a finite time, see [CGa, CD]. Recently Struwe [S1, S2],
Chen [C], Chen and Struwe [CS] proved the global existence and partial regular-
ity of weak solution to (0.3) and (0.4).

The main purpose of this paper is to investigate the global existence of weak
solutions to the heat flow of p-harmonic maps in the case where N = §” < R"*!
and 2 < p < oo. That is to study the global existence of weak solutions to the
following evolution problem

(0.5) ciu ﬂ\/T?(?xa('V“‘p g “ﬂm > = [Vulfu ,
(0.6) u(0, %) = ug ,
0.7) [u> =1 uelR*!,

We approximate a solution to (0.5)--(0.7) by the solutions to the folowing penalized
equation

(0.8) d, k <|V L 2 aﬁ /|g
+k|1~|ul |2“‘2([uk|2-1)u =0, Vi>0xeM k=1,...,

/Ig ax
. 1 p
where o is a constant such that - < 4 < ———
2 4(m — p)

For fixed k, we can use Galerkin methods to prove the existence of weak solutions
of the penalized Eq. (0.8). The “monotonicity trick” is used in this proof. However,
due to the higher nonlinearity of V - (| Vu*|?~2Vu*) we have difficulties to prove that
when k —» oc,u* converges to a map u which is a weak solution of (0.5)—(0.7). From
the energy inequality, we know that u*(¢f) is uniformly bounded in
L= (0, T; W*P(M)) and 8,u* is uniformly bounded in L*(0, T; L*(M)). By a modifi-
cation of Kondrachov’s compactness theorem, we can prove that u* strongly
converges to u in L?(0, T; LP(M)). The main difficulty is to prove that [Vu* [P~ 2Vu*
converges to |Vul|P"2Vu weakly in LP(0, T; L”(M)). Fortunately, the term
klju*2 — 11272 (Ju** — 1)u* is not “too bad” and uniformly bounded in
L'(0, T; LY(M)). Therefore, we can modify a compactness assertion present by
Evans in [Ev] to obtain the strong convergence of Vu, in L0, T; L%M)) for each
1 < g < p and to overcome this difficulty.

1. .
+§1fp§manda=11fp>m.
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1 Preliminaries and the penalized approximation equation

In this section we shall give some lemmas and prove the global existence of weak
solutions to the penalized approximation equation.

First, we state a lemma so called the “decisive monotonicity trick” (see Zeidler’s
book [Z]).

Lemma 1.1 Suppose that X is a reflexive Banach space and X * is the dual space of
X, suppose also that an operator A: X — X* satifies

(i) A is monotone on X, ie. {Au— Av,u— vy 2 0 forall,u,ve X.
(ii) A is hemicontinuous, i.e. the map t — {A(u + tv),w), is continuous on [0, 1]
for all u, v, we X.

Then, it follow from
(iii) u,—u weakly in X as n — oo, Au, > b weakly in X* as n -~ oo and

lim < Auy, u,» < <b, u)

n— o

that
Au=>b.
For2<p< ow,let X = L{_ (0, oc; W'P(M)) and X* = LY (0, co; W LP(M))

1 1
where — + — = 1. Let also
pp

N
(L) Ap = — ¢ <1qu|” 2 ot T > forall g e X .
¢|qu

For two maps u, v:M - N < R""!, we define

Vu-Vo =YY g*Vu' , Vuiy.

a, B i
Lemma 1.2 Let p = 2. Then there holds for all a, be R™
(1.2) (lal”"2a—[b|?"?b)*(a — b) 2 2" *|a — b|".

Proof. By a suitable rotation and dilatation, the problem reduces to two dimen-
sions where the verification is elementary. [

By this lemma, it is easy to verify that A defined in (1.1) satisfies the assumptions
(1) and (ii) of Lemma 1.1. Of course, the monotonicity of 4 also follows from the
convexity of the p-energy functional (see [Ev]).

Therefore we have

Corollary 1.3. Let A be a operator defined in (1.1). Suppose that {u,} converges to
u weakly in L{,.(0, co; W P(M)) and for any T > 0,

(13) hm j <Aun,un>W RN 2R »dt < - f <W VM>LP lpdt

n—2ow 0
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where w is the weak limit of the sequence {IVu,|P~2Vu,} in L2(0, oo; LP(M)). Then
{Au,} converges to Au weakly in L (0, co; W~ 17 (M)).

Proof. The weak convergence of {u,} in LIOC(O, oo; W1P(M)) implies the weak
convergence of {Au } in Lk,c(O oo; W) Au, converges to V-w weakly in
L{ (0, co; W™ 1P(M)). Then, by Lemma 1.1 and (1.3) we have

Vw=Au.
Thus, the proof of this corollary is completed. [

Lemma 1.4 Suppose that {u,} is bounded in L™ (0, T; W' P(M)), l £ p < w0 and
{0} is bounded in L*(0, T; L*(M)). Then {u,} subconverges to u strongly in
L', T; L'(M)) for each r,p <r < ﬂ;

Proof. By the Kondrachov compactness theorem (see [GT]), we know that there
exists a subsequence of {y,}, without changing notation, such that as [ —» oo
(14) w,—u stronglyin L0, T;L*(M)), and ue L®(0, s W' P(M)) .

On the other hand, by using Theorem 2.2 of Chap. I of [LSU] (see pp. 62—-68), we
have

(L5 fw—ul, = fjuy—u—— +C

f w—u dx

| (w — u)dx
M

1-a

+ Cllu,—ulfi

IMI

= CliVilw — w5 ||w —

:Mﬂw‘ yax

S ClVelty — ) 52w — uil ) ™+ Clluy — ul
for all 0 £t £ T, where

. m
By the assumption of p < r < i , we know
m—p

111
(1.6) t—a=2P Ty

1

— =1

m p

Since {u,()} is bounded in L™ (0, T; W*-P(M)), for t < T, there exists a constant
C > 0 such that

an luy—ull; =C.
Integrating both sides of (1.5) from 0 to 7, using (1.4) and (1.7) we have

1 1

T T ¥
(“)<jwpwwm)§0wmwwur — u(x. 1) W(Mm—wWMWﬁ

0
+Clu, —uf1—>0

asl—- 0. O
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We approximate a solution to (0.5)—(0.7) by solving the penalized Eq. (0.8) with
the initial data

(1.9) 0, x) = ug(x), xeM, k=1,...,.

We may use Galerkin’s method and the decisive monotonicity trick to solve the
problem (0.8) and (1.9} for every fixed k = 1.

Theorem 1.5 Let uq: M — S" satisfying ug(x) e W*#(M, §"),2 < p < . Then for
every fixed k = 1, there exists a weak solution for the penalized approximation eqs.
(0.8) and (1.9).

Proof. Assume that {w;},_; ,  is a base in the space W' ?(M). For any fixed
positive integer I, we try to find an approximate solution u, = u;,

!
w(t) = Y. galt)w;
i=1

such that
(1.10) Cup, Wiy 4 V| 2Vuy, Vwd,
+ kw)? = 122w — D, wip , =0

for 1 £j £ 1 with

(L11) u(0) = uo
where
I
(1.12) ug = . &w;— @ strongly in Wh?(M)as - oo .
i=1

{*,*>, {*,*>p.p denote the inner product in L*(M) and the dual product in
LP(M), (p = 2) respectively.

By the well-known results on the systems of ordinary differential equations, the
Cauchy problem (1.10)—(1.11) has a unique short time solution u;. Then, by the
uniform estimate of the local solution and the extensive methods, we can get
a global solution u; such that u, € L (0, co; WTP(M)), u; € L*(0, oc; L*(M)) and

t

’ 2 1 D k a
(1-13) j o (7) HLZ(M)dT + = Vi HLP(M)(I) + Z j Huz|2 - 1|2 dM
p M

0
1 P k 2 2
=*lquoleM>+—§lluoz| —11°dM, Yt>0.
p 4

Then, by Pioncaré’s inequality we have

(1.14) {u;} is a bounded set in L*(0, «o; L*(M)),
(1.15) {u,} is a bounded set in L® (0, co; W' ?(M))
and

(1.16) {u,} is a bounded set in L™ (0, oo, L**(M)) .
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By the compactness of these spaces mentioned in (1.14)—(1.15) and Lemma 1.4, one
can pass to a subsequence, without changing notation, to get that as [ - oo,

(1.17) u—u weakly* in L*(0, oo; W12(M)),
(1.18) u—u  weakly in L2(0, oo ; L2(M)).
and

(1.19) w; — u strongly in L{,.(0, cc; LP(M)) and a.e. on R, x M ,
Moreover, from (1.15) we have
(1.20) |V [P~ 2V, —~w weakly* in L] (0, oc; L7 (M) .
From (1.4), (1.18) and (1.20), we get that as [ - o,
(121) kil — 11222l = D>y, = — (0 w) — (0, VoD, -
Since {w;} is a base in W' ?(M), (1.21) shows that
kKl — 1P 2(Juy> — Duy » — ' + V-w  weakly in LD (0, oo; W12 (M)).
However, from (1.15)—(1.16) and the assumption on «, we know that
(1.22)  kljw|® — 1127 2(lwy)> — D)u, is bounded in L.(0, 0 ; LP(M)) .
Therefore, we conclude that
(1.23) kljw* = 12 2(Juy|> — Duy— — o' + V-w weakly in LL(0, oo ; L7 (M)) .
Denote ¥V = W1P(M) and V' = W~ 1P (M),

From (1.4) and (1.18), (1.19) and (1.23) we know that for any T > 0

T o T
(1.24) Hm | CAup, udyyde = lim — [ (Vi |?~ 2Vu,, Vud, dt

1->0 0 1> w 0

= H{§ luj,uppdt + k j Yl = 112272 ((uy)* — Duy, ul>p’.[1dt}

{20 L0 0

T T
= [ uddt+ [ { — uyu) — (w, Vud, ) dt
o 0

T
= — [ {w Vud, pdt .
(4]

‘By Corollary 1.3 we get that as [ > oo,

(1.25) Au; — Au  weakly in L2 (0, oo ; W~ L7 (M) .
Moreover, from (1.19) and (1.22) we know that as [ - o,
(1.26) klful® = 1P 2 (Jw® — Dug—k{|ul> = 127 2(Ju* = Du

weakly in L2 (0, oc; LP(M)) .

1t follows from (1.18), (1.25) and (1.26) that for every k = 1, the problem (0.8) and
(1.9) has a global solution u = u*(¢, x) satisfying

(1.27) we L°(0, co; WHA(M)),
(1.28) duk e L2(0, oo ; LE(M)),
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and
T k 2 1 k k k|2 2

(129) [ lo () zandt + = [ IVi*P(@0)dM + = | (u¥]* — )** () dM
0 Pu 45

1
55 |VuoPdM, Yt >0.
M

This proves Theorem 1.5. [

2 Global existence of the weak solutions

In this section, we shall prove that the sequence {u*} of the solutions of the
penalized Eqgs. (0.8) and (1.9) weakly converges to a map u which is a weak soluton
to (0.5)-(0.7).

Definition. A function u is said to be a global weak solution to (0.5)-(0.7), if u is
defined a.e. on IR, x M, such that

(D1) ue L=(0, oc; WP(M)), ue L*(0, o ; L3(M)).

(D2) u is weakly continuous in ¢t > 0 with value in W' ?(M), ie. for any test
function v e C*(M), fi(t) = |,, u-vdM and f,(t) = {,, Vu-VvdM are continuous in
t > 0, with eventual modification in a set of measure zero on (0, o).

(D3) lu|>=1ae on R, x M.

(D4) u satisfies (0.5)—(0.7) in the sense of distributions.

First, let us state a compactness theorem which was presented in [Ev] for p = 2.

Theorem 2.1 For k= 1,2,.. ., letu, = (ul,...,ul*t) be vector functions of (t, x)
on [0, t] x M satisfying the following equation

1 ol
Orthy — —— ¢
lg| 0%

Cu .
<|Vuk|”‘zg“”v/1g|%xﬁ>=fk, VOSt<T,xeM
J.B

in the sense of dlstrlbullon Assume  further that {u,}_y is bounded in
L=, T, wh "M)) {c Ugln=1 is bounded in L*(0, T:L*(M)), and {fili=1 is
bounded in L'(0, T; L'(M)). Then, {u,}s~, is precompact in L0, T; W*-4(M)) for
each 1 £ q < p.

Proof. By Lemma 1.4, there exists a subsequence {u,};2 < {u}x=1 satisfying
w,, —u weakly in L?(0, T; W'-»(M)) and uy, — u strongly in L7(0, T3 L"(M)) .

Take a K such that K 2 | Vi, || e 0.7: M0y @0d K Z 1 fi |l 210,71 01 any) foOr all i
Take a subsequence {u;} = {u;} so that u;—~u in H*-P(M, R™) for some ue H 7,
K 2 |Vu| .. We show that u; — win H'4(M, R™).

“For 1 246>0let Ej= {xeMx[O 77 lui(x, t) — u(x, t)] = 8}. Then

(2.1) [ |Vu; — Vultdxdr < K9|Ej|P~ /7

E,
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On the other hand, let n(y) = min{d/|y|, 1} y: R™— R™ with [n]| < 6. So for
some constant C,

c | |Vu; — VulPdx dt

M x [0, TI\E}

lIA

f [1Vu; [P~ 2Vu; — |Vul? 2Vu](Vu; — Vu)dx dt

M x [0, TT\E}

I

[ |VulP~ 2V Vi(u, — w)dxde — 6 | [Va|?~2Vu,V —— dxdt

M x{0,T] E} l i l
— | [Vul|P ™ 2Vu(Vu;, — Vu)dxdt
Mx [0, TI\E,

=1+ 11+ 1III.
Now
I = § finlu; — u)|dxdt < 5K
Mx[0,7]
where one uses the equation and Hélder’s inequality. For II,

"
(

[IVu; 12 2Vud  [(Vus — Vu®) |u; — ul?

Ju; — |3

— (Wf — u)(uf — uf)(Vuf — Vuf)]dxd:

3 [IVulP "2 Vug 1 [ Vuf fu; — ul?
E Ui ul

|
— (W — ua)(uﬁ — ) Vul]dxdt

* j" lu Ju; — uf [1Vul? > Vus 1 [Vu*|u; — ul?
— (U — u) (W — uf)Vuldxdr
—T 4+ T

Note that II"' £ 0 and by Holder inequality,

' 1/p
17| < 2 [ |Va|P~ 1| Vu| dxdt < 2Kpl<j |Vu|”dxdt> .

E} E;

For III, we use the weak convergence of u; and Hdlder’s inequality again to get

dxdt

I < | |VulP 2VuVu, — | +

M x[0,T]

f [VulP " 2VuV{u; — u)

E

(p—1)/p
§0(1)+2K<f|Vu|”dxdt> .

E;

So

22 ¢ | |Vu— VuPdxdt <1+ 1"+ T L]+ |I7] + [10T]

MXx[0, TT\E}
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Choosing 6 to be small, using the fact that u is absolutely continuous, |E§| — 0 as
i » oo and (2.1)—(2.2), one sees the convergence of u; to uin H4, [

Theorem 2.2 Let ug: M — S" satisfying ug(x) e W P(M, S™). Then, there exists
a global weak solution to Eq. (0.5)-(0.7) in the sense of (D1)—(D4).

Proof. By Theorem 1.5 and (1.29), we know that there exists the global weak
solution u, to (0.8) and (1.9) such that

(2.3) {u*} is a bounded set in L*(0, co; W' ?(M)),
(2.4) {8u*} is a bounded set in L?(0, oo ; L*(M)) .

By the weakly compactness of these spaces mentioned in (2.3)-(2.4), there exists
a subsequence of u*, without changing notation, such that as k — o,

(2.5) u* =~y  weakly* in L®(0, co; W' P(M))

2.6 ou*—0,u weakly in L*(0, co; L2(M))

which implies by Lemma 1.4

(2.7) u*— u strongly in LZ (0, oo; L*(M)) and a.e. on Ry x M .
As k — oo (2.7) leads to

(2.8) [u¥? — 1> jul*> - 1,ae.on R, xM .
Moreover, from (1.29) we find that as k - oo,

(2.9) lu*|2 — 1 -0, weakly in LE% (0, co; L¥*(M)) .

The combination of (2.8) and (2.9) shows that

(2.10) luP=1ae.on R, xM.

In order to verify (D2), we observe, that (2.5) and (2.7) imply for f; and after
integration by parts for f,

d d
flszELm(O’ OOaIR)a aflk(t)’aflk(t)ELz(Oa (D,]R) .

Hence f, f, € W:2(0, o0 ; R), and the Sobolev embedding theorem gives (D2).

loc

To check (D4) we start with

Lemma 2.3 The solutions u* to the penalized Egs. (0.8) and (1.9) satisfy |u*| < 1 for
all t = 0.

Proof. By testing (0.8) with the function
k
uo
uk — P min {1,}u*|}

we find

1 1\? 1
50§ (uk)2<1—|—1}—‘> M + | |Vu"|”(1—|—u,7|>dM§0.

Wz 1 Wz

Since |u¥| =1 for t = 0 we get |[u*| < 1forallt =2 0. O
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Now we finish the proof of Theorem 2.2. By Lemma 2.3 it follows from

Lebesgues theorem and (2.7) that

(2.11) u* > u strongly in L{ (R, x M)

for all ge[1, o).
On account of (2.3-4) and Lemma 2.3 it is now easy to check that

{k! |u¥|? — 127 2 (ju*)? — l)uk}KeN
is a bounded sequence in L*(0, T; L' (M)):

T

[ J Kl ? = 1122 1 uk|dM dt
oM

T T
< Tk = 1P dMdr + | [ k||u*> — 12 1 [u¥2dMdt < C .
oM oM

Applying Theorem 2.1 we get

(2.12) Vuk — Vu strongly in LY0, T; LY(M)) foreach1<gq=<p.
Therefore, we have from (2.3) that

(2.13) [Vik|?~ 2V —~|Vul?~2Vu  weakly in L2 (0, co; L (M)) .
Now, by taking the wedge product of (0.8) with u*, we get

(2.14) | o <|Vu |p- Z“ﬁ,/lg—/\u)
g

From (2.6) and (2.11), we know that as k - oo

2.15) SuE AU > dunu.

The combination of (2.11) and (2.13) leads to

(2.16) VU P 2Vuk A v —~|VulP 2Vu A u, ask— oo .

Due to (2.15) and (2.16), one can pass to the limit in (2.14) to get
0=20un u—-\/za (IVul" 29%% /gl —¢/\u>
in the sense distribution. This implies that

Lo )

for some function A: M — R. By taking the scalar product of (2.17) with u and
noticing (D1) and (D3), we get

2.17) O —

A= |Vul*u
Therefore, u satisfies (D4). This proves Theorem 2.2. [
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