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0 Introduction 

Let M be a compac t  m-dimensional  smooth  Riemannian  manifo ld  wi thout  bound-  
ary and N is the unit  sphere S" of  IR "+ 1. In  local coordina tes  (x l ,  x2 . . . . .  x,,) the 
metr ic  g on M is represented  by the matr ix  (g,~)m• F o r  a C L m a p  
u'  M ~ N ~ IR +a in the local coord ina tes  on M we denote  

and 
VU:= \~X~ mx(n+l) 

~U i (~U i 
IVul 2 = ~ g ~ ' - - - -  

where (g~e) is the inverse of (g~). 
Fo r  1 < p < oo, the p-energy of the map  is given by  

(0.1) E(u) = Ivulp ax 
M 

where g = det (g~). 
A critical po in t  u on C2(M, N) of the p-energy E is called a p -ha rmonic  map.  

The Eu le r -Lag range  equa t ion  of  E satisfied by  p -harmonic  maps  from M to 
N = S" is 

(0.2) x/~[  Ox~ IVu[p-2g~lJ = IVuIPu ' 

If a map  u ~ W l'v(M, N) satisfies (0.2) in the sense of dis tr ibut ions,  u is called 
a weakly  p -harmonic  map.  Here the Sobolev space WI'V(M, N) is 

WI 'P (M,  N) = {u ~ WI'P(M, IR "+ 1)[u E N for a.e. x ~ M} . 

* Partly supported by NSF grant DMS-9123532 
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The regularity of minimizing p- harmonic maps between two compact smooth 
Riemannian manifold has been widely discussed, see [HL, GM, FH, L, CGu].  
Motivated by these results we study the existence of p-harmonic maps. The 
following question arises: Given a map Uo ~ W l"p (M, N), can Uo be deformed into 
a p-harmonic m a p  u: M --+ N? As well known, the "heat flow" method has been 
studied by Eells and Sampson [ES] to derive the existence of harmonic maps in the 
case where N ~ IR k has nonpositive sectional curvatures. In such a case, it has been 
shown that there exists a global smooth solution u: IR+ x M --, N to the following 
Cauchy problem 

(0.3) u t - A M u = A ( u ) ( d u ,  du), Vt >0,  x ~ M ,  

(0.4) u(0, x) = Uo(X), Vx ~ m . 

where A(u): T,,N x TuN ~ (T,,N) • is the second fundamental formof N in IR k and 
Uo ~ C2'~(M,N). Without the assumptions on the curvature, the solution to 
(0.3)-(0.4) may blow up in a finite time, see [CGa, CD]. Recently Struwe [S1, $2], 
Chen [C], Chen and Struwe [CS] proved the global existence and partial regular- 
ity of weak solution to (0.3) and (0.4). 

The main purpose of this paper is to investigate the global existence of weak 
solutions to the heat flow of p-harmonic maps in the case where N = S" c IR,+I 
and 2 < p < oo. That is to study the global existence of weak solutions to the 
following evolution problem 

(0.5) ~t u ]N ~'q] ~Xa ]Vb/lp_2gafl ]N ~ ~b/ = [VRI pN , 

(0.6) u(0, x) = Uo, 

(0.7) [u] 2 = 1 uEIR "+1 

We approximate a solution to (0.5)-(0.7) by the solutions to the following penalized 
equation 

(0.8) 0,u k x / ~ x ~  IVur p 2~x/l~l~Z~x ~ 

"4- k ]  1 - luk l  2 [2c~-2 ([blk[2 _ 1)blk = O, V t  > O, X ~ M ,  k = 1 . . . . .  

1 p + l i f  < m a n d  l i f p > m .  w h e r e c ~ i s a c o n s t a n t s u c h t h a t ~ < ~ < 4 ( m _ p )  2 P =  :~= 

For  fixed k, we can use Galerkin methods to prove the existence of weak solutions 
of the penalized Eq. (0.8). The "monotonicity trick" is used in this proof. However, 
due to the higher nonlinearity of V" ([V u k f -  2 Vu k) we have difficulties to prove that 
when k --* oc, u k converges to a map  u which is a weak solution of (0.5)-(0.7). F rom 
the energy inequality, we know that uk(t) is uniformly bounded in 
L~(O, T; WI'P(M)) and (?~u k is uniformly bounded in L2(0, T; L2(M)). By a modifi- 
cation of Kondrachov's compactness theorem, we can prove that u k strongly 
converges to u in LP(0, T; LP(M)). The main difficulty is to prove that [VukIP-ZVuk 
converges to [VulP-ZVu weakly in LP'(0, T; LP'(M)). Fortunately, the term 
kllukl2--1lZ~-Z(luklZ--1)U k is not "too bad"  and uniformly bounded in 
L~(0, T; L~(M)). Therefore, we can modify a compactness assertion present by 
Evans in [Ev] to obtain the  strong convergence of VUk in Lq(0, T; Lq(M)) for each 
1 < q < p and to overcome this difficulty. 
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1 Preliminaries and the penalized approximation equation 

In this section we shall give some lemmas and prove  the global existence of weak 
solutions to the penalized approx imat ion  equation.  

First, we state a l emma so called the "decisive monotonic i ty  trick" (see Zeidler's 
book  [Z]).  

Lemma 1.1 Suppose that X is a reflexive Banach space and X *  is the dual space o f  
X ,  suppose also that an operator A: X ~ X *  sat!lies 

(i) A is monotone on X ,  i.e. ( Au - Av,  u - v )  > O for  all, u, v ~ X .  
(ii) A is hemicontinuous, i.e. the map t ~ ( A ( u  + tO, w ) ,  is continuous on [0, 1] 

for  all u, v, w ~ X .  

Then, it Jollow f r o m  

(iii) u , - - - u  weakly  in X as n ~ oo, A u ,  ~ b weakly  in X *  as n --* oo and 

that 

lim ( A u , ,  u , )  < (b,  u )  
n ~ 7t, 

For  2 < p < 
1 1 

where P + p, = 1. Let also 

(1.1) A q ~ =  - -  ]V@l p 2 g ~ f l N [ ~ , q ~ ( ? x f l  J , 
~/Igl 

For  two maps  u, v : M  --* N c IR "+~, we define 

A u = b ,  

oo, let X = Lfo~ (0, ~ "  WI 'P(M))  and X* = Lfo~(0, oo; W x'P'(M)) 

for all q) e X .  

V u ' V v  = ~, ~ g ~ V u i ~ V v i ~  . 
a, fl i 

Lemma 1.2 Let  p >= 2. Then there holds.for all a, b ~ IR "k 

(1.2) (la[ p Za - Ib lp -2b ) ' (a  - b) > 2 p 21a -- bl p . 

P roo f  By a suitable rota t ion and dilatation, the problem reduces to two dimen- 
sions where the verification is elementary.  [] 

By this lemma,  it is easy to verify that  A defined in (1.1) satisfies the assumpt ions  
(i) and (ii) of L e m m a  1.1. Of  course, the monotonic i ty  of A also follows from the 
convexity of the p-energy functional (see [Ev]). 

Therefore we have 

Corollary 1.3. Le t  A be a operator defined in (1.1). Suppose that {u~} converges to 
u weakly in LlPo~(O, oc; WI 'p (M))  and f o r  any T > O, 

T T 

(1.3) l im S ( A u , , u , ) w  ,p w, .pdt  <= - ~ (w,  VU)L<Lpdt 
n ~ o o  0 0 
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where w is the weak limit of the sequence { [Vu,[v-2Vu,} in Lfoc(O, ~ ;  L f  (M)). Then 
{Au,} eonverges to Au weakly in Lfoc (0, oo; W " f  (M)). 

Proof The weak convergence of {u,} in Lfoc(0, ~ ;  WI'P(M)) implies the weak 
convergence of {Au,} in L~o~(O, oo; W-l,r ') .  Aun converges to V ' w  weakly in 
Lfoc(0, ~ ;  W - I ' f ( M ) ) .  Then, by L e m m a  1.1 and (1.3) we have 

V ' w =  Au .  

Thus, the p roof  of this corol lary is completed�9 [~ 

L e m m a  1.4 Suppose that {u;} is bounded in L~(O, T; WI'V(M)), 1 < p < ~ and 
{•tu,} is bounded in L2(0, T; L2(M)). Then {ut} subconverges to u strongly in 

mp 
U(O, T; Lr(M)) for each r, p < r < - -  

m - p  

Proof By the K o n d r a c h o v  compactness  theorem (see [GT]) ,  we know that  there 
exists a subsequence of {ut}, wi thout  changing notat ion,  such that  as l ~  

(1�9 u z ~ u  s t rong ly in  LI(O,T;La(M)) ,  and u e L ~ ( O , T ; W ~ ' P ( M ) ) .  

On the other hand, by using Theorem 2.2 of Chap.  II of [LSU]  (see pp. 62-68),  we 
have 

1 .f C r 
(1.5) IrUl-Ullr<= u l - u  [ M l M ( u z - - u )  dx ~+ ~(ut-u) dx 

M 

< C I F V ~ ( u ;  - u ; - u - t M  ~ (u t -u)  +Cl[u;-ull'~ 

< C I I V x ( u ; -  u ) l l ; (Rl lu ; -  ui[1) 1-" + Cllu;- ull~ 
for all 0 < t < T, where 

a =  1 - - -  
r 

mp 
By the assumpt ion  of p < r < - -  

m - p  
, we know 

1 1 1 
+ 

m p r 
(1.6) 1 - a - > 0 .  

1 1 
. . . .  ~- 1 
m p 

Since {ul(t)} is bounded  in L~(0, T; WI'P(M)), for t < T, there exists a constant  
C > 0 such that  

(1.7) l l u , -  u[]l < C .  

Integrat ing bo th  sides of  (1.5) f rom 0 to T, using (1.4) and  (1.7) we have 

(1.8) 
1 1 

l l u t -  ull~dt =< C s u p  I1 V(ut(x, t) - u(x, t))H~ ] ] u l -  UH~ 1 ~)'dt 
0 t 

a s l ~  ~ .  [] 

+ Cllu; - uJr~ -,  o 
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We approximate a solution to (0.5) (0.7) by solving the penalized Eq. (0.8) with 
the initial data 

(1.9) uk(0, X)=Uo(X), x e M ,  k =  1 . . . . . .  

We may use Galerkin's method and the decisive monotonicity trick to solve the 
problem (0.8) and (1.9) for every fixed k > 1. 

Theorem 1.5 Let Uo " M -~ S" satisfying Uo(X) ~ WI'p(M, Sn), 2 < p < oo . Then.fbr 
every f ixed k >= 1, there exists a weak solution for  the penalized approximation eqs. 
(0.8) and (1.9). 

Proof Assume that {w;}j=l,2 ..... is a base in the space WLP(M). For any fixed 
positive integer 1, we try to find an approximate solution u~ = u~, 

l 

u~(t) = ~2 g.(t)w~ 
i = 1  

such that 

(1.1o) (u;, wj) + (IVuzt" :Vu~, Vwj),.~, 

4- kKILuzh a - 11 z= Z(lu~[a - l)Ul, Wj)p,,p= 0 

for 1 ~ j ~ l ,  with 

(1.11) 

where 

u l ( 0 )  = Uoz 

l 

(1.12) Uoz = Y', ~iwi --* q9 strongly in W~'P(M) as 1-* oc . 
i = 1  

( ' , - ) ,  ( ' , ' ) p , p  denote the inner product in L2(M) and the dual product in 
LP(M), (p >= 2) respectively. 

By the well-known results on the systems of ordinary differential equations, the 
Cauchy problem (1.10)-(1.11) has a unique short time solution u~. Then, by the 
uniform estimate of the local solution and the extensive methods, we can get 
a global solution uz such that ul 6 L~(0, ~ ;  WI'p(M)), U; ~ L2(0, ~ ; L 2 ( M ) )  and 

t , 2 1 k __ 112~ (1.13) [. I]U,(~)[]L=~M)d~ +--[IVuzH[~(M)(t) + [. [lu, I z dM 
o P 4M 

1 II Vuol r k_ = -  IILp~M)+ ff Iluo~l 2 -  l[2dM, Vt > 0 .  
P 4M 

Then, by Pioncar6's inequality we have 

(1.14) {u'z} is a bounded set in L2(0, oo ; L2(M)) , 

(1.15) {ul} is a bounded set in L~(0, oo; WI,P(M)) 

and 

(1.16) {uz} is a bounded set in L~ (0, ~ ,  L4~(M)) . 
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By the compactness of these spaces mentioned in (1.14)-(1.15) and Lemma 1.4, one 
can pass to a subsequence, without  changing notation,  to get that  as l ~  oe, 

(1.17) u ~ u  weakly* in L~(0, oo; WI'P(M)), 

u;-~u ' weakly in L2(O, oo ;Lz(m)) .  (1.18) 

and 

(1.19) ul ~ u strongly in L~oc(0, ~ ; LP(M)) and a.e. on IR+ x M , 

Moreover ,  from (1.15) we have 

(1.20) IVu~l"-2Vul~-,~ weakly* in L~oc(0, c~ ; LP'(M)) . 

From (1.4), (1.18) and (1.20), we get that as l ~  ce,  

(1.21) k([]ult  2 - 1 [2~-2([u1[ 2 - 1)ut, w j )p ,p~  - (u', wj) - (w, Vwj)p,v.  

Since {wj} is a base in WI'P(M), (1.21) shows that 

k][ut[ 2 -  112~-2(]u1[ 2 - 1)uz ---, - u ' +  V-w weakly in Lfoc(0, ~ "  W I 'P '(M)).  

However,  from (1.15) (1.16) and the assumption on ~, we know that 

(1.22) k[lut[ 2 - 1[ 2~ 2([uz[Z - 1)ul is bounded in L~ic(0, wc ; LP'(M)) . 

Therefore, we conclude that 

(1.23) kl[uz[ 2 -  1[ 2" Z( [u l [2 -  1)ul - - ~ - u ' + V . w  weakly in Lfoc(0, cre;LP'(M)).  

Denote V =  W1'P(M)and V ' =  W I'p'(M). 
F rom (1.4) and (1.18), (1.19) and (1.23) we know that for any T > 0 

T T 

(1.24) lim ~ (Aul, Ut)v,,vdt = lim - ~ ([Vul[ p 2Vul, Vut)p, pdt 
l ~ o  0 l~oc~ 0 

ti } =lira (u; ,ut)dt  + k ([[Ull2--112~-2(lUlla--1)Ul, Ul)p,.pdt 
l ~ : ~  k O  0 

T T 

= S ( u ' , u ) d t  + ~ { - ( u ' , u )  - ( w ,  V u ) ~ , ~ } d t  
0 0 

T 

= - ~ (w, Vu)p,,,at. 
0 

"By Corol lary 1.3 we get that as l--* oo, 

(1.25) Aul ----~Au weakly in L~s oo ; W I'P'(M)) . 

Moreover,  from (1.19) and (1.22) we know that as l-* oc, 

(1.26) kltul[ 2 - -  l [ 2 a - Z ( l U l [ 2  - -  1)uz--~kl[ul 2 - 1 1 2 c l - 2 ( 1 U ]  2 - -  1)u 

weakly in Lfo~(O, c~ ; LP'(M)). 

It follows from (1.18), (1.25) and (1.26) that for every k > 1, the problem (0.8) and 
(1.9) has a global solution u = uk(t, x) satisfying 

(1.27) u k E L~(0, oo ; WLP(M)),  

(1.28) 8tu k ~ L2(0, oo; LZ(M)),  
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and 

r 1 
(1.29) ~ II ~,Uk(~)]I2~(M)& + P 

0 

k ukl2 I Vu k f( t)  d M +  ~ ~M (1 - 1) 2~ (t) d M  
M 

1 
- ( IVuo f  dM,  Vt > O . 
P 

This proves Theorem 1.5. 

2 Global existence of the weak solutions 

In this section, we shall prove that the sequence {u k} of the solutions of the 
penalized Eqs. (0.8) and (1.9) weakly converges to a map u which is a weak soluton 
to (0.5)(0.7). 

Definition. A function u is said to be a global weak solution to (0.5)-(0.7), if u is 
defined a.e. on IR+ x M, such that 

(DI) u ~ L~(0, or ; WI.P(M)),  Otu ~ L2(0, oo ; L2(M)). 
(D2) u is weakly continuous in t > 0 with value in WI'p(M), i.e. for any test 

function v ~ C ~ ( M ) , f  l (t) = S M u " v d m  andJ'2 (t) = SM Vu" Vv d m  are continuous in 
t > 0, with eventual modification in a set of measure zero on (0, oe ). 

(D3) tul 2 = 1 a.e. on IR+ x M. 
(D4) u satisfies (0.5) (0.7) in the sense of distributions. 

First, let us state a compactness theorem which was presented in lEvi  for p = 2. 

Theorem 2.1 For k = 1, 2 . . . . .  let Uk = (U~ . . . . .  U~, +1) be vector functions of  (t, x) 
on [0, t] x M satisfying the Jbllowiny equation 

1 ~ ( ,/:~,(?u~ 
Guk x / ~ x ~ x ~ _ l V u k l p - 2 r  V 0 _ < t < T , x ~ M  

in the sense of  distribution. Assume further that {Uk}~' 1 is bounded in 
L~(O, T; W~'P(M)), {(?tUk}L~ is bounded in L2(O,T:L2(M)) ,  and {Jk}k%1 is 
bounded in LI(O, T; L1(M)). Then, {Uk}k~l is precompact in Lq(O, T; ['vl'q(M)) for 
each 1 <= q < p. 

Proof. By Lemma 1.4, there exists a subsequence {ukj}~%~ ~ {Uk}k~=~ satisfying 

Uk~ ~-U weakly in LP(0, T; WI'P(M)) and Uk~ ~ U strongly in LP(O, T; LV(M)) .  

Take a K such that K > IIVu~IIL~IO, T;ML, IMI) and K > Ii]}llg~(o,r;g~(M, for all i. 
Take a subsequence {uj} c {u~} so that uj--~u in H~'P(M, R ~) for some u E H ~'p. 
K ~ IlVullH ..... We show that uj ~ u in H1'q(M,  R") .  

For 1 > 6 > 0, let E,~ = {x e M x [0, T ] :  lui(x, t) - u(x, t)j > 6}. Then 

(2.1) j" IVur - Vutqdxd t  < KqlE~I (p q)/;. 
E; 
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On  the other hand, let r/(y) = min{6/lyl,  1}y: Rm..-.. R "  with I~l 5 6. So for 
some constant  C, 

C ~ I V u i -  V u l P d x d t  
M x [o, T] \ ~ 

j [[Vui]P-2Vui  - I V u V - 2 V u ] ( V u i  - V u ) d x d t  
M x [o, T]\E~ 

U i - -  /,/ = ~ [Vui lp -2v l~ l lV( t l (u i -  u ) ) d x d t  - c~ ~ [Vu, l p - 2 V u i V ~ d x d t  
M x [0, T] E~ 

Now 

-- ~ IVulp-  2Vu(Vui - V u ) d x d t  
M • [0, 7"] \ E~ 

= I + I I  + I I I .  

III ~ ~ fil'](bli -- U) d x d t  < 6 K  
Mx [0, T] 

where one uses the equation and H61der's inequality. For  II, 

I I  = - J ]ui - u] 3 []Vui]p-2Vu~] [(Vu~r - -  V u ~  /212 
e~ 

- -  (u~ -- u~)(uf  --  ur - VuP)] d x d t  

- S ] u l -  u] 3 []VuiIP-2Vu~] [ V u ~ [ u l -  u] 2 
E; 

-- (U~ -- U~)(U~ i -- u~)Vu~] d x d t  

+ ~ lU i - - U [  3 [ I V u l I P  2 V u ~ ]  [ V u ~  Ul 2 
e; 

- (u~ -- u~)(u~ i -- ua)Vu a] dxdt  

= II '  + I I " .  

Note  that I I '  < 0 and by H61der inequality, 

l l I " l < 2 ~ l V u i l P - l j V u [ d x d t < 2 K  p 1 IVuf f  dxdt  
E; 

For  III ,  we use the weak convergence of ui and H61der's inequality again to get 

IilII < ~ IVuV-2VuV(ui- u)l + j" IVuV-2VuV(u~- u) dxdt 
M x [0, T] E; 

(~ )(p-1)/p 
< o(1) + 2 K  ]Vu[Pdxdt 

So 

(2.2) c ~ [ V u l -  V u f f d x d t  < I + II" + I I I  5 I I I +  III"1 + 1IIII.  
MxD, r ] \~  
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Choosing 3 to be small, using the fact that u is absolutely continuous, ]E~l ~ 0 as 
i ~ oo and (2.1)-(2.2), one sees the convergence of ul to u in Hl 'q .  [] 

Theorem 2.2 Let Uo: M --* S" satisfyin9 Uo(X)~ WI'P(M, S"). Then, there exists 
a 9lobal weak solution to Eq. (0.5)-(0.7) in the sense of (D1)-(D4). 

Proof By Theorem 1.5 and (1.29), we know that there exists the global weak 
solution uk to (0.8) and (1.9) such that 

(2.3) {u k} is a bounded set in L~(0, or ;  WI'p(M)), 

(2.4) {c~,u k} is a bounded set in L2(0, oo ; L2(M))  . 

By the weakly compactness of these spaces mentioned in (2.3)-(2.4), there exists 
a subsequence of u k, without  changing notation, such that as k -~ oo, 

(2.5) uk---~u weakly* in L~(0, oo; WI'p(M)) 

(2.6) Otuk----~?~u weakly in L2(0, oo ; LZ(M)) 

which implies by Lemma 1.4 

(2.7) u k ~ u strongly in L2oc(0, oc ; LZ(M)) and a.e. on IR+ x M . 

As k ~ oo (2.7) leads to 

(2.8) [ u k [  2 - -  1 -~ [u[ 2 - 1, a.e. on IR+ x m . 

Moreover,  from (1.29) we find that as k ~ oo,  

(2.9) lukl 2 1 0, weakly in 2~ -- -* L,oc (0, oo ; L2~(M)) . 

The combinat ion of (2.8) and (2.9) shows that 

(2.10) ]ul 2 = 1 a.e. on IR+ x m . 

In order to verify (D2), we observe, that (2.5) and (2.7) imply for f l  and after 
integration by parts for f2 

d d k 
. f l , f 2 E L ~ ( 0 ,  ~ ; I R ) ;  dtf~( t ) ,~t f~( t )eL2(O,  oo; IR) .  

1.2 ; IR), and the Sobolev embedding theorem gives (D2). Hence f l , f 2  ~ Wlo c (0, oo 
To check (D4) we start with 

Lemma 2.3 The solutions u k to the penalized Eqs. (0.8) and (1.9) satisfy ]u k] < l for 
all t > O. 

Proof By testing (0.8) with the function 

U k 
u k -  ~ m i n  {1,1ukl} 

we find 

~0t ~ (uk) 2 1 - -  d M +  ~ IVukf 1-- d M < O .  
[ukl >= I lull  >__ 1 

Since [U k ] = 1 for t = 0 we get [ukl < 1 for all t > 0. [] 
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it follows from N o w  we finish the p roof  of Theorem 2.2. By L e m m a  2.3 
Lebesgues theorem and (2.7) that  

(2.11) u k --* u s t rongly in Lqoc(IR+ x M )  

for all q E I-l, oe). 
On account  of (2.3-4) and L e m m a  2.3 it is now easy to check that  

{kl lukl 2 -  ll2~-2(luk[ 2 -  1)uk}K~N 

is a bounded  sequence in L I (0, T; L 1 (M)): 

T 

Y Y kllukl 2 -- 112~ l lukldMdt 
O M  

T T 

< ~ ~ kl lual  2 - l l 2 ~ d M d t  + ~ ~ kllukl 2 - l l 2 ~ - X l u k l 2 d M d t  < C .  
O M  O M  

Apply ing  Theorem 2.1 we get 

(2.12) Vu a -* Vu s t rongly  in Lq(O, T; Lq(M))  for each 1 < q < p .  

Therefore, we have from (2.3) that  

(2.13) IVuklV-2Vuk--'IVulP-2Vu weakly  in L~or oo ; L P ' ( M ) ) .  

Now, by tak ing  the wedge p roduc t  of (0.8) with u a, we get 

(2.14) O--= Otuk A uk l ~ ( ~uk ) 
, /Td i  I v uk l ' -  2 " 

F r o m  (2.6) and  (2.11), we know that  as k --* oo 

(2.15) ~tu k /', u k ---* Otu /x u . 

The combina t ion  of (2.11) and  (2.13) leads to 

(2.16) [v/Ak[ p 2Vuk /x ug--~IVuIP-2Vu /X U, as k ~  0o . 

Due to (2.15) and  (2.16), one can pass to the limit in (2.14) to get 

0 = ~,u ^ u x / ~ x ~  IVul~-2fax /1o l~x~  A u 

in the sense dis t r ibut ion.  This implies that  

(2.17) r ~ l O x  ~ IVulV-2a ~a =,~u 

for some function 2 : M  --* IR. By tak ing  the scalar  p roduc t  of (2.17) with u and 
not ic ing (D1) and (D3), we get 

2 = [Vul~u. 

Therefore,  u satisfies (D4). This  proves  Theorem 2.2. [] 
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