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Heat Flow into Spheres for a Class of Energies

Norbert Hungerbiihler

Abstract. Let M and N be compact smooth Riemannian manifolds without
boundaries. Then, for a map u : M — N, we consider a class of energies
which includes the popular Dirichlet energy and the more general p-energy.
Geometric or physical questions motivate to investigate the critical points of
such an energy or the corresponding heat flow problem. In the case of the
Dirichlet energy, the heat flow problem has been intensively studied and is
well understood by now. However, it has turned out that the case of the p-
energy (p # 2) is much more difficult in many respects. We give a survey
of the known results for the p-harmonic flow and indicate how these results
can be extended to a larger class of energy types by using Young measure
techniques which have recently been developed for quasilinear problems.

1. Introduction

1.1. The p-energy

Let M and N be smooth Riemannian manifolds without boundary of dimension
m and n respectively. M and N are equipped with Riemannian metrics v and g.
The p-energy of a differentiable map v : M — N is defined to be

E,(u) = %/M | Du|Pdp.

Here, Du : TM — T,)N is the differential of u to which we associate the
p-energy density

ep(u) 1= %|Du|p = ;—)(trace((Du)*Du))p/Z,

where ‘*’ denotes the adjoint with respect to the underlying inner product on the
respective tangent spaces T, M and T,y N. And, of course, du is the measure on
M associated with the metric on M. In local coordinates, the p-energy can be
expressed by the following formula:

1 ) )
Ey(u) =~ / (8 (g3; 0 u) D' Bsu? P2 /7 e
PJm
Here, /7 = /| det(vas)|, and we adopt the usual summation convention, i.e., we
automatically sum over Latin indices from 1 to n and over Greek indices from 1 to

m. By Nash’s embedding theorem, we always may assume that N is isometrically
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embedded in some Euclidean space R¥. In that case, the p-energy density is given
by

1
;(yaﬁaau - Ogu)P/?

where u: M — N C R* is viewed as a map into R and ¢’ is the Euclidean inner
product in R,

We remark, that for p = 2 the p-energy coincides with the well-known Dirich-
let energy. Moreover, as it is easy to see, the p-energy is conformally invariant iff
m = p. This fact allows to switch between conformal charts.

1.2. The first variation of the p-energy

Given a class F' of mappings from M to N defined by boundary conditions on
OM (if there is a boundary) and possibly additional topological conditions, e.g., a
homotopy class, one may try to minimize the p-energy within the class F. One
may hope that the solution of this minimization problem is a map « in F' with
particular analytic and geometric properties. In physics, the p-energy for maps
into the sphere or into a Grassmannian manifold may serve as a model for liquid
crystals. Stationary points of the energy then correspond to physical equilibria of
the liquid.

Necessarily, in a minimum u, the first variation of the p-energy must vanish
at u for all variations of u with compact support in the interior of M. Let us
consider variations u; : M -» N of u = ug for [¢| small such that u.(z) is of
class C! in the variables (z,t) and us(z) = u(z) for all ¢ and all = outside some
compact subset K C M which is contained in the domain U of a coordinate system
z!,...,2™ on M with range € and is mapped into the domain of a fixed coordinate
system y',...,y™ on N by all u;. Now, the support of the initial vector field of
the variation

d

V(z) = —w(x)

= T, N
dt € u@)

t=0

is contained in K. We also assume that V is of the class C*. It is no restriction
to assume ul(z) = u'(z) + tVi(z). If u is C?, the usual computation yields that
vanishing first variation is equivalent to
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inU for I =1,...,n. Here, we used the Christoffel symbols
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of the metric g with respect to the coordinates chosen on N. Thus, the right-hand
side can be interpreted as

A(u)(Du, Du)(pep(u))'~2/?

where A(u)(-,-) denotes the second fundamental form of N. The operator on the
left-hand side of (1) is called p-Laplace operator related to the manifolds M and
N and is denoted by A, i.e., Ay is simply the Laplace-Beltrami operator of the
manifold M and does not depend on N. As is a linear elliptic diagonal operator
in divergence form. For p > 2 (0 < p < 2) the operator is degenerate (singular) at
points Du = 0.

The right-hand side of (1) is for p = 2 a quadratic form in the first derivatives
of u with coefficients depending on u. These strong nonlinearities are caused by
the non-Euclidean structure of the target manifold N and cannot be removed by
special choices of coordinates on N unless N is locally isometric to Euclidean space
R™. But even in this case the space of mappings from M to N does not possess a
natural linear structure unless NV itself is a linear space. In general, the right-hand
side of (1) is of the order of the p-th power of the gradient of u.

A C?%-solution u : M — N of (1) is called p-harmonic map.

Using variations in the domain, i.e., variations of the form

uy(z) = u(z + 1¢(z))

where ¢ = (¢!,...,¢™) with each {7 € C§°(B,(y)), we obtain from %ut(:r)lt:o =0
an equation whose classical solutions contain the set of the p-harmonic maps.
However its weak solutions, which are called “stationary p-harmonic maps”, need
not contain the set of weak solutions of (1). In particular, p-energy minimizing
maps are both, weakly and stationary p-harmonic. Weakly p-harmonic maps admit
in general far worse singularities than the energy minimizing maps. Many results
are known about stationary p-harmonic maps. See, e.g., Duzaar and Fuchs [9],
Fuchs [18] and [19], as well as Strzelecki [41] and [40].

If we think of NV as being isometrically embedded in some R*, we consider the
following variations: Let S C RF be a tubular neighborhood of N and 7y : S — N
the (smooth) nearest-neighbor projection. Denote T, N C Tka the tangent space
to N at a point p € N. Let ¢ € C}(M,R¥) satisfy

(p(.?)) € Tu(z)N

for all x € M and ¢ having compact support in a single coordinate chart of M.
Then ¢ induces a Cl-variation at u: M — N C R*:

ur =7N o (u+tp).

Now, the first variation of the p-energy is given by
d ap Ou  Ou Eh 5 Ou Oy
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where A, is the p-Laplace operator related to M and R*, i.e.,

1 9 Al dud\ 2 du
Ay = —— B o ),
Pl /7 0z (ﬁ (7 Oz 8955) 7 83:0‘)
Thus, the first variation vanishes at a C? map u if and only if

ApuLT,N. 2)

We can make (2) more explicit by introducing a local orthonormal frame v, 1,
..., for (T,N)*, the orthogonal complement of T, N in R¥. Then, by (2) there

exist scalar functions A"*!, ... A* such that
k
—Apu = Z My ou). (3)
I=n+1
s ) . Ou
Multiplying (3) by v; o u (¢ fixed) and using the fact that Erelly (u) =0 for all
:L-a
«, we obtain
. . 2_1 . 5
2= ap W OW aﬂ%al’g(“), (4)
Az OzP Oz> OxP

The Euler-Lagrange equations of the p-energy can also be formulated in the fol-
lowing coordinate free form:

2

1- E)Du grad, e(u) = 0. (5)
Here, 7(u) denotes the tension field of u: 7(u) = trace, VDu, and V denotes the
pull-back covariant derivative in the bundle T* M @u~'TN. For p = 2 the equation
reduces simply to

e(u)(u) + (

T(u) = 0.

As an application, we see, that the identity mapping idys : M — M of a Riemann-
ian manifold is p-harmonic: Since D(ids) has constant coefficients with respect to
all coordinate systems on M, VD(idas) = 0 and the first term in (5) vanishes. On
the other-hand, the p-energy density e(idas) is constant and hence the gradient in
the second term disappears, too. We remark that in general id,; is not p-energy
minimizing within its homotopy class (see Eells-Lemaire [11]).

The natural space to work in when considering questions concerning the p-
energy is the nonlinear Sobolev space

W'P(M,N) :={f € Wh*(M,R*); f(z) € N for p-almost all 2 € M}.

Notice, that if both M and N are compact, then different embeddings of N in R*
give rise to homeomorphic spaces W1P(M, N). For an intrinsic definition of the
space WP(M, N) see Federer [17]. If N is isometrically embedded in R¥, then
the formulas defining the p-energy for C'! functions make sense also for functions
in WhP(M, N). If a function u € WHP(M, N) is a weak solution of the Euler-
Lagrange equations we discussed previously, then it is called a weakly p-harmonic
map.
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The space H'"P(M, N) defined as the closure of the class of smooth func-
tions from M to N in the W!P-norm is contained in W1?(M, N) but does not
coincide with the latter space in general (this fact gives rise to the so called “gap
phenomenon” of Hardt-Lin [21]). This important observation was first made by
Schoen and Uhlenbeck: see Eells and Lemaire [11] as a main reference. However, we
have HYP(M,N) = W1P(M, N) if dim(M) = p (see Schoen and Uhlenbeck [39),
Bethuel [2] or Bethuel and Zheng [3]). The gap phenomenon limits the possibilities
to approximate the p-harmonic flow, which we will discuss next, by solutions with
smooth initial data.

1.3. The p-harmonic flow

A basic existence problem for p-harmonic maps is the homotopy problem:

Given a map ug : M — N is there a p-harmonic map u homotopic to ug?

This question was first answered in the case p = 2 of harmonic maps. The
answer is affirmative if the sectional curvature KV of N is non-positive (see
Eells-Sampson [12]), or — in case of a two-dimensional surface M — if the sec-
ond fundamental group of N is trivial: ma(IN) = 0 (see Lemaire [30] and Sacks-
Uhlenbeck [38]). Eells and Wood destroyed the hope for a more general theorem
by the following counterexample in [13] by showing that, if u : T? — S? is 2-
harmonic, then degu # +1. Another counterexample has been given by Lemaire
in [30]. Thus, in general the attempt to solve the homotopy problem by minimiz-
ing E within a given homotopy class will fail: Homotopy classes are not weakly
closed in WYP(M, N) generally. Thus, it may be difficult or impossible to solve
the homotopy problem for p-harmonic maps by direct variational methods. As the
key idea to get around this difficulty, Eells and Sampson proposed in [12] to study
the heat flow related to the 2-energy:

ur — Agu = A(u)(Vu, Vu) i on M x [0, 00 (6)
with initial and boundary data
u=1ug at t =0 and on OM x [0, 0]

for maps u : M x [0,00[— N C R*. Here, A(u) : T,N x T,N — (T,N)* is the
second fundamental form of N. The idea behind this strategy is of course that a
continuous deformation u(-,t) of up will remain within the given homotopy class.
Since (6) may be interpreted as the L2-gradient flow for the 2-energy, one may
hope that the solution u(-,t) for ¢ — oo will come to a rest at some critical point
of E, that is a harmonic map. For target manifold N, satisfying the geometric
restrictions mentioned above, this program has been applied with success for p = 2.

Another approach to the homotopy problem for p-harmonic maps has been
given by Duzaar and Fuchs in [10]: they extended the Eells-Sampson result to
the case p € [2,00) by using an asymptotic analysis of the not degenerate energy
[us (e + [Du?)P2dp, € > 0.

Corresponding to the harmonic flow, the p-harmonic flow is described by

ur — Apu = (pe(u))l'%A(u)(Du, Du) on M x [0, 00 (M
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with initial data
u=ugatt=0
for maps u: M x [0,00[— N C R*.
We now want to briefly describe the known results concerning the p-harmonic
flow. We restrict this presentation to the case p # 2.
The p-harmonic flow was first considered in [6] and [22]. There, the following
result has been proved for the p-harmonic flow into spheres, i.e., for

Oru — Apu = pep(u)u on M X [0, 00] (8)
u(+,0) = ug on M 9)
lul =1 p-a.e. on M X [0, cof. (10)

Theorem 1. For initial data ug € WHP(M,S™), p > 2, there exists a global weak
solution u to the equation (8)—(10). This solution is weakly continuous int > 0
with values in WYP(M), i.e., for any test function g € C®°(M), hy(t) = Sy u-gdu
and hy(t) = [,, Du- Dgdp are in CO’%(R+). Furthermore for almost every t > 0
this solution satisfies the energy inequality

/O 100l1220pyd + By (u(t)) < Ep(uo) (11)

The technique was the same as in the corresponding case of the harmonic
flow which was solved by Chen in [5]: The idea is a penalization technique to
approximate the p-harmonic flow, which will be explained and used in Section 2
for a more general class of energies. The monotonicity of the p-Laplace operator
allows to solve the approximating equations by Minty’s trick alone. Nonetheless,
to pass to the limit in the penalized equations some stronger compactness results
on the p-Laplacien are needed. In the original work, this is based on the uniform
monotonicity of the p-Laplace operator:

Theorem 2. For k= 1,2,..., let fr : M x [0,T] — R! satisfy the equation
Ocf — Apfe =gk, on M x[0,T)
in the sense of distributions. Assume that
1. {fx}ren is bounded in L>=(0,T; WHP(M,RY)),
2. {6 fr}ren is bounded in L?(0,T; L*(M,R")), and that
3. {gk}ken is bounded in L*(0,T; L'(M,R")).
Then, {fx}ren is precompact in L9(0,T; Wh4(M,R")) for each 1 < q < p.

In Section 2 we offer a new approach to this compactness problem which
involves some Young measure techniques, and which does not use strict or even
uniform monotonicity properties of the operator. This allows in particular to obtain
results for the flow of energies which are merely convex.

Theorem 1 was later proved for 1 < p < 2 by Liu in [32], [33] and by
Misawa in [37]. The p-harmonic flow from a unit ball in R™ into S C R? was
also considered by Courilleau and Demengel in [7]. There, also non-uniqueness of
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the p-harmonic flow with weakly p-harmonic, but not stationary harmonic initial
data was proven, a result, however, which is already contained in [44] and even
before that in [25].

The p-harmonic flow equation has two nonlinear terms: The p-Laplace term,
and the right-hand side involving the second fundamental form. The previously
described compactness techniques allow to pass to the limit in the p-Laplace term
only. The big problem, which is unsolved to the present day, is to pass to the
limit in the nonlinear term on the right-hand side of the equation. The sphere as
target manifold has enough symmetries to rewrite the equations in such a way,
that the right-hand side simply vanishes (compare Section 2). A similar trick can
be played to prove existence of the p-harmonic flow if the target manifold N is a
homogeneous space with a left invariant metric.

Theorem 3 ([23]). For 2 < p there exists a global weak solution of the p-harmonic
flow between Riemannian manifolds M and N for arbitrary initial data having
finite p-energy in the case when the target N is a homogeneous space with a left
invariant metric. The solution u: M x [0,00[— N satisfies the energy inequality

1 /* 1 1
5[ [ oalatdus o [ Du@pda< s [ Du@pde (2)
2Jo Ju Pim PJm

for almost all T > 0.

In this case of a homogeneous space as target, the equation of the p-harmonic
flow can be reformulated such that the right-hand side has a divergence structure
(see [24] and [23]). In [23], a technique different from the penalization technique
was used to approximate the equation, namely a time discretization. The reason
is, that the penalization does not preserve the special structure of N.

The analogous result for 1 < p < 2 was proven in [31]. There, the case of
a modified p-energy is treated, namely that of the p-energy ‘with potential’, i.e.,
E(u) = E, — [,, H(u)du for a Lipshitz function H.

Another particular case which has been solved is the conformal case p = m =
dim M:

Theorem 4 ([26]). For given initial value ug € W™ (M, N) there exists a weak
solution u : M x [0,00[— N of the m-harmonic flow

u(-,0) = wug.
u satisfies the energy inequality (12) and is in WH™(M) weakly continuous in
time. There exists a set ¥ = UszlEk x {Tx}, X C M, 0 < T, < oo, such that
on every open set 8 C M x [0,00] with dist(Q2,(M x {0})UX) = p > 0 there
holds ||Vul|cosiqy < C for some constants C (depending on m, E,,(ug), M, N
and p) and B €]0,1[ (depending on m, M and N ). There exists €1 > 0 such that

the number K of singular times is a priori bounded in terms of the initial energy,
K < 7 B (uwo), and the singular points (z,Ty) are characterized by the condition
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limsup, ~y, Em(u(t), Br(x)) > €1 for any R > 0. At every singular time T}, the
decrease of the m-energy is at least €;:

E,(u(Ty)) < htngrklf E.(u(t)) —e1.

In order to get rid of the nonlinear side condition, that the solution has to
take values in the sphere, Hamilton’s geometric technique from [20] was used,
namely that of a total geodesic embedding of the target N in some R¥. Le., the
Euclidean metric in R* is deformed to a new metric h such that

1. N is still embedded isometrically,

2. the metric h equals the Euclidean metric outside a large ball,

3. there exists an involutive isometry ¢ : T — T on a tubular neighborhood T
of N corresponding to multiplication by —1 in the orthonormal fibers of N
and having precisely N for its fixed point set.

A h-geodesic curve vy connecting z,y € N (x, y close enough) will always be
contained in N. This follows from the (local) uniqueness of geodesics and the fact
that with v the curve ¢ oy is another geodesic joining x and y.

The idea is that, if the initial data are smooth, then a short time solution u
of the p-harmonic flow is unique which forces it to stay in N (since otherwise, u
and ¢ o u were two different solutions).

The crucial point in the conformal case is an energy concentration lemma:

Theorem 5 ([26]). If dim(M) = p and u € C?*(M x [0,T[;N) is a solution of
the m-harmonic flow then there erist constants c, €y > 0 which only depend on
the geometry of the manifolds M and N, and there ezists a time Ty €]0, T which
depends in addition on ug, with the following properties: If the initial local energy
satisfies

sup En(u(0), Bar(z)) < &g
zEM

then it follows

1-1 ¢
En(u(t), Br(x)) < Em(u(0), Bar(z)) + By "0 (13)
for all (z,t) € M x [0, Ty]. Here Ey denotes the initial energy, and E,,(u(t), B) is
the m-energy of u(t) in a region B C M.

This lemma allows to control energy concentration of the flow for short time
which leads to short time existence and (local) smoothness. At times, where the
energy concentrates, the flow develops a singularity and can be restarted. It is
not known whether for m # 2 the m-harmonic flow develops singularities in finite
time, in contrast to the harmonic flow, where this is confirmed by the example of
Chang, Ding and Ye in[4].

Technically, the proof of Theorem 4 is carried out by two approximation
steps: In a first step, only smooth initial data are considered. At the same time,
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the p-energy is regularized by E, . = [,,(¢ + |Du|?>)P/?dp. In a second step, arbi-
trary initial data are approximated by smooth functions (observe, that by Bethuel-
Zheng [3] C*°(M, N) is dense in W1P(M, N)). Misawa improved Theorem 4 in [34]
by showing, that, as it is the case for the harmonic flow, the energy concentration
set X is discrete not only in time, but also in space.

The p-harmonic flow in the case of non-positive sectional curvature of the
target manifold was treated by Fardoun and Regbaoui in [14] and [16]:

Theorem 6. If Riemy < 0 and ug € C**(M, N), then for p > 1:
1. There exists a unique global weak solution w of the p-harmonic flow from M
to N such that Oyu € L%([0,00[x M) and u, Du € CP([0,00[x M) for some
B €]0,1][. Moreover, the solution satisfies the energy inequality (12) for all
t>0.
2. There exists a sequence ty, — oo such that u(ty,-) converges in C1% (M, N),
for all B < 3, to a weakly p-harmonic map us € CHP(M, N).

In particular, this results settles the homotopy question in this case. The line
of proof goes along regularization of the p-energy, and a Bochner formula for the
energy density (see [14] for details).

The same result for p > 2 was shown earlier by Misawa in [35] under the
assumption that the image of ug is contained in a geodesic ball, and in [36] without
that latter assumption.

The p-harmonic flow for the case of small initial data has been treated by
Fardoun and Regbaoui in [15]:

Theorem 7. For any p > 1 and K > 0 there erists an €9 > 0 depending on
K,M,N and p such that if ug € C**(M,N), 0 < a < 1, with E,(u) < &9 and
| Dugl||L=(M) < K, the following is true:

1. There exists a unique global weak solution u of the p-harmonic flow from M
to N such that dyu € L%([0,00[x M) and u, Du € CP([0,00[x M) for some
B €]0,1[. Moreover, the solution satisfies the energy inequality (12) for all
t>0.

2. There exists a sequence ty, — 0o such that u(ty, ) converges in Clﬂ/(M, N),
for all B’ < B, to a weakly p-harmonic map us, € C“?(M,N). Moreover
there exists &g > 0 depending on K, M, N and p such that if in addition
E,(uo) < &, then us is a constant map.

This result of Fardoun and Regbaoui concludes our survey on the p-harmonic
flow.

2. Heat flow into spheres for a class of energies

In this section, our target manifold N is the unit sphere S® C R™*!. In order to
keep the formulas short, we restrict this presentation to the case M =T = R™/Z™
of a flat torus as domain manifold. The modifications necessary for a general



54 N. Hungerbiihler

compact smooth Riemannian manifold without boundary are purely technical and
straightforward.
The class of energy functionals we want to investigate here is of the form

Bw) = [ p(1Dul)da

for functions w : T'— §™ C R™*!. Here p : R»o — R is supposed to be continuously
differentiable, convex, and satisfies the coercivity and growth conditions
Ci&P < pl6) for all € > 0 (14)
0 < p/(6) < CxP™! forall £ >0 (15)
for two positive constants C; and C, and for a given p > 2. The energy flow
related to this energy is described by the following equation
Du

Byu — div(p'(|Du|) Bul

) L TS

We use the shorthand notation

Du

[Du]

and hence the previous equation can be rewritten in the form

Oyu — divo(Du) = du

o(Du) = p'(| Dul)

for a function A(z,t). Observe, that by multiplying this equation by u, we find
A=o0(Du) : Du.

Here, A : B := trace(ABT) denotes the usual inner product of two matrices of the
same type. So, the final form of the heat equation we want to solve, is

Owu — dive(Du) = uo(Du) : Du onT x Rsg (16)
u(-,0) = ug onT. (17)
We suppose, that the initial data uo have finite energy, i.e., up € WHP(T, S™).

2.1. Approximation by penalization

We construct a family of approximating problems by the classical penalization
method. To this end, we consider the energies

Ei(u) := E(u) + k/Tx(lu|)da:

for functions u : T — R™*', and for k € N. The smooth function x : R>g — R is
chosen in such a way, that 0 < x < 1, x = 1 outside the interval [%, %], x(z) =0if
and only if z = 1, and that X’ changes sign only once (see Figure 1). The idea is,
that we abandon the restriction that u takes values in the target S™, but that (in
terms of energy) with increasing k, it becomes more and more favorable for the
function u to take values close to the sphere 5.
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1 X
0 1 2 3
FIGURE 1. The function x
The heat flow equation for the penalized energy is
Byu — div o (Du) + kx'(Jul) — = 0. (18)

ful
The goal is now to prove existence of a global weak solution for this penalized
energy flow with the given initial data (17).

Lemma 8. Let k € N and ug € WUP(T,S™). Then, (17)-(18) possesses a weak
solution uy € L°°(0,00; WHP(T, R 1)) which is subject to the energy inequality

[ 0wkl + Bulua(r)) < Ew) 19)
0

for almost all T > 0.

Proof. WHP(T,R"*1) is separable and possesses therefore a Galerkin base {w; }ien,

w; € WIP(T,R™*1) in the sense, that for every w € WLP(T,R™"*!) there exist
coefficients cgj ) such that

J
w) = chj)wi —w in WHP(T) as j — oo.
i=1
It is convenient to choose the w; smooth and L2-orthonormal. For fixed j € N, we
make the ansatz

j .
u®(t) =3 (tyw;
=1

for a solution of the approximating system
4 , E))
/ <6tu(9)wl+a(Du(J)) : Dwy+kx'(|u?)) ——= wl>dac =0 forl=1,...,5 (20)
T Iu(])|
with initial values
u)(0) = uéj) — o in WHP(T) for j — oo. (21)

This is a system of j ordinary differential equations for the coefficients cl(j )(t),
I =1,...,5. It is easy to verify that this system satisfies the hypotheses of the
existence theorem of Picard-Lindel6f and that therefore a solution exists on a time
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interval ]0,7(j)[. Since, by construction, u?) is an element of span(ws,...,w;),
equation (20) holds with ) in place of w;, and hence, after integration over a
time interval |0, 7[, 7 < 7(j), one gets

1 . T ) )
Enu(ﬂ(f)u;m + / / o(Du) : DuY9)dedt
0 T

T ) @ 1 )
MO L () — 1@ V2
+/0 /TkX (") g dwdt = 311w (O)zzcr) (22)

The first term in (22) is equal to 3|c(7)[2;. By (15), the second term is non-
negative. Since |x'(t)|t < 3 max|x’| for ¢ > 0, the third term, in absolute value,
is bounded by Cr for a constant C. This shows, that the functions cg-j ) (t) are

bounded on [0, 7(j)[, and hence, by (20), the same is true for %cg-j )(t). Therefore,
the existence interval is both open and closed and hence we obtain a global solution
u9) of (20).

Similarly, with 8;u) in place of w; in (20), we obtain

/ ”atU(j)H%z(T)dt + Ep(u9(1)) = Ek(u(()j)) <C foralljand T >0. (23)
0
Observe, that
Ei(u) > E(u) = / o(|Dul)dz > Cl/ | Du|Pdx
T T

by the coercivity assumption (14) on p. Therefore, by (23), the sequence {u()};
is bounded in L°°(0, 00; W1P(T')) On the other hand, still by (23), the sequence
{8;u)}; is bounded in L2(T'x]0, co[). Aubin’s lemma therefore implies that there
exists a subsequence {u0 ,)} ;7 and a function v such that

w9 5w in L™(T'x)0,7]) for all 7 €]0, 00[ and all r € [p, —L

[ (24)

Notice that to have one subsequence which works for all such 7 and r, one can
apply the usual diagonal sequence technique. By passing to a further subsequence
if necessary, we can also assume that

uY") = u  point-wise almost everywhere on T x]0, cof (25)

and
w9~y weakly* in L(0, 0c0; WP (T, R"1)) (26)
and finally, that
Oul) = Ju weakly in L2(T><]07 ool). (27)
Notice also, that by the growth condition (15) we imposed on p, the sequence
{O'(Du(j))}j is bounded in L*(0, oo; LY (T)). Therefore,
o(Du)) = w  weakly* in L®(0, 00; L” (T')) (28)

for a further subsequence.



Heat Flow into Spheres for a Class of Energies 57

For a test function ¢(x,t) = &(t)n(z), with & € C§°(]0,00[) and 7 €

span(ws, . ..,w;), we infer from (20) that (as soon as j' > [)
//&u(ﬂ(p + //U(Du(] y: Do + //kx |uJ)| | (])| -0
as _] — 0
o Jr o Jr o Jr o

(29)
To pass to the limit in the first and the second term of (29), we used (27) and (28).
For the third term, we used (25) and Lebesgue’s dominated convergence theorem.
By density of the linear span of test functions we used, the resulting equation in
(29) follows also for arbitrary ¢ € C5°(T'x]0, 00[).
In order to identify w we now want to apply Minty’s lemma for monotone op-
erators. (see, e.g., [42, “decisive monotonicity trick”]). To do this, we first observe,
that by (22), for j/ — oo, and by using (24), (25) and (27)

/T/ —o(Dut) : DUl = /T/ Bty +/T/ kxf(|u<j’>|)Lj_/)u<y>
oJr oJr oJr [uld")]

—>//8tuu+//kx’(|u|)|—z—lu. (30)
On the other hand, by (29), we have

/ / —w: Du—/ /u@tu+/ /kx () (31)

We now apply Minty’s lemma for the monotone operator

A:LP(0, 7, WHP(T)) — LPI(O,’N W_l’p,(T))

D—)/UT/TU(DU)ZD(;S).

Now, as desired, from (26), (28), and the fact that the right-hand sides of (30)
and (31) agree, it follows from Minty’s lemma that w = o(Du). Hence, u is a weak
solution of (18).

The energy inequality (19) for u follows from (23) as j — oco: We have

liminf/ ||8tu(j)!|%2 /||atu||L2(T
J—=° Jo

by (27), _
liminf By (w9 (1)) > Ex(u(r)) for almost all 7
j—00

by (26), the convexity of p, and by (25). And finally, observe that
lim Fe(ug) = Bi(uo)

by (21), the Vitali convergence theorem and by (25). O
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2.2. Passage to the limit I

We now want to pass to the limit in (18). Observe first, that by the energy in-
equality (19), the sequence {uy} we constructed is bounded in L>(0, co; W1P(T))
and {0;ux} is bounded in L?(0, co; L%(T')). By passing to a subsequence which we
still denote by ug, we may assume that

up —u  weakly* in L>(0, co; WHP(T)) (32)
and
Oyuy, — Oyu weakly in LQ(TX]O, o0l). (33)
Moreover, by Aubin’s Lemma, we can extract a further subsequence such that
up — u in L7(Tx]0, r]) for all 7 €]0,c0[ and all 7 € [p, ﬂ)—[, (34)
m-p

and hence, for yet a further subsequence
ur — u point-wise almost everywhere on 7'x]0, ool. (35)

Notice, that from the energy inequality (19) it follows, that |ux| — 1 almost
everywhere. Combining this with (35), we conclude, that |u| = 1 almost everywhere
on T x [0,00][, i.e., u takes values in the sphere, as desired. This is, nonetheless,
not sufficient to already pass to the limit in (18).

The following lemma is a maximum principle for the weak solutions uy, of (18).

Lemma 9. Let uy be a weak solution of (18) on [0,7]. Then, |ur(t)| < 1 for all
t € [0,7], if |lux(0)] < 1.

Proof. To ease notation, we write u in place of ug. We use

Ru) :=u — ﬁ min{1, |u|}

as a test function in (18) and find for the three single terms:

/R @u_@/gm

0 ifo<z<1
s(z—-1)?  ifz>1

/T R(u)diu = 0, /{|u|21}(|u| —1)%

In the second term, we get

for

Therefore

/kx(IUI)H () >0

since x'(|u|) > 0 for |u| > 1 and R(u) = 0 for |u| < 1. For the third term, we have

(D) ) — " _i |uDu|2
Av‘D)'DR() A@eu 7(Du): ul Iwy+1meup“D|NDM|P
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Observe, that the last term in the previous expression is non-negative. Hence,
summarizing, we obtain

1 a/ ) / 1
- ul —1)° + o(Du) : Du(l — —) <0.
20t {|u|zl}(| =Y {ul>1} (D) Dl |’u|)

Since the second term is non-negative, the derivative in the first term is non-
positive, and therefore the lemma follows. O

By (31), we have for arbitrary 7 > 0

//atukuzc+// (Duy) Duk+k//x(|uk|

The energy inequality (23) and the growth condition (15) imply, that the first two
terms are, for fixed 7, uniformly bounded in k. In view of Lemma 9, and the fact,

that x’ vanishes on [0, ] we obtain

[ kx'<|uk|>§—zl\ <27 [ beluh

for a constant C which does not depend on k.
We conclude, that the right-hand side in

Oyuy, — diva(Dug) = Akx'(]uk|)—1ﬂ€—

|ul

is a bounded sequence in L'(T x [0,7]). This fact suggests now to consider the

Young measure generated by the sequence ur ® Dug. Observe, that u; converges

almost everywhere, an therefore, if Duy generates the Young measure v on the

space M("*1DX™ of (n 4+ 1) x m matrices, then uz ® Duy generates the Young

measure 0, @ v (see, e.g., [27]). We use the next section to collect some relevant
facts about the Young measure v.

(36)

2.3. The Young measure generated by Dy
Lemma 10. Let v be the Young measure generated by the the gradients Duy, of the
solutions of (18) constructed in Lemma 8. Then

(i) Yz, 18 a probability Young measure for almost every (z,t) € T x [0, 7].

(i) v(z, satisfies Du(x,t) = (V(g ), 1d) for almost every (z,t) € T x [0, 7].

Proof. (i) follows directly from the fact, that Duy is bounded in L'(T x [0, 7]) (see,
e.g., [1] or [27]).

(ii): Duy converges weakly to Du in LP(T x [0,7]). On the other hand,
since Duy is an equiintegrable sequence, we have that Duy converges weakly to
(V(z,1),1d) in (T x [0, 7]). Therefore, Du(z,t) = (v(5),1d). O

The final ingredient we need is a “div-curl inequality”:

/OT /T /M(n+1)xm (e(X) — o(Du)) : (A = Du)dy(y (A dxdt <O0. (37)
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This inequality appears first in [8] for the Young measure v generated by sequence
of the gradients of solutions of a stationary non-linear elliptic system of p-Laplace
type with right-hand side bounded in L'. The class of operators considered there
includes in particular our case o(Du). Due to the fact that, as we have seen,
the right-hand side in (36) is bounded in L', the proof in [8] carries over to the
parabolic case.

2.4. Passage to the limit IT

The aim is now, to pass to the limit in the penalized equation (18). The problem
in the operator term is, that p need not be strictly convex, and hence o is not
necessarily strictly monotone, or even uniformly monotone like in the case of the
p-Laplace operator. Nonetheless, if p is not strictly convex in a region, it must be
affine there, and it should therefore nevertheless be possible to pass to the limit
there. It turns out that Young measures provide the adequate tool to go through
with this program.

We start with some notation.

We consider the limit u of uy as in (32)—(35). Let (z,t) be a fixed point in
T x [0,7]. Then, let

L = {(\ p(|Du(,t)|) + o(Du(z,t)) : (A — Du(z,t))) | A € Mn+Dxmy
c M(n+1)><m < R

denote the supporting hyperplane to the graph of p(|A|) in (Du(z, t), p(|Du{z, t)|))
(see Figure 2). Moreover, let

p(IA)
L

Kz )
: / A\ € M(ntD)xm
/" Du(z,?)

/

FIGURE 2. Graph of p

Ky = {2 e MU | p(|A]) = p(|Du(z, )]) + o(Du(z, 1)) : (A — Du(, 1))}
denote the set, where p agrees with the supporting hyperplane L (see Figure 2).

Lemma 11. For almost all (z,t) € T x [0, 7], the Young measure v, 4 is supported
in the set K 1, i.e., spt(v(z,)) C Kz -
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Proof. By (37) the integrand (o()\) — o(Du(z,t))) : (A — Du(z,t)) (which is non-
negative everywhere because of the monotonicity of o) must vanish as a function
of A on the support of the measure v, ;). This is true with the possible exception
of a set N of (z,t) € T x [0,7] of measure zero. Let us fix A € spt(v(,)) for
(z,t) ¢ N, then

(1 — a)(o(Du(z,t)) —o(N) : (Du(z,t) —A) =0 for all o €[0,1]. (38)
On the other hand, again by the monotonicity of o, we have
0 < (1—a)(o(Du(z,t)+a(A—Du(z,t)))—oc()) : (Du(z,t)—A) for all & € [0, 1].
Subtracting (38) from (39) we obtain %
0 < (1-—a)(oc(Dufz,t) + a(A — Du(z,t))) — o(Du(z,t))) : (Du(z,t) — A)
for all « € [0,1]. (40)
But by monotonicity, also the opposite inequality holds true:
0> (1 - a)(o(Du(z,t) + a(A — Du(z,t))) — o(Du(z,t))) : (Du(z,t) — A)
for all @ € [0,1]. (41)
Therefore, still for the same A € spt(v(,+)), by (40) and (41), we have
0=(1—-a)(o(Du(z,t) + a(A — Du(x,t))) — 6(Du(z,t))) : (Dufz,t) — A)
for all & € [0,1]. (42)
Using (42), we conclude

p(IAl) = p(|Dulz,t)]) + /0 o(Du(z,t) + a(A — Du(z,t)) : (A — Du(z,t))da =
= p(|Du(z,t)|) + o(Du(z,t)) : (A — Du(z,t))
and hence, A € K(, ), as claimed. O

Lemma 12. (i) For each A € K, ) there holds o(\) = o(Du(z,t)).
(ii) For almost all (z,t) € T x [0, 7] the following is true:

/ (N dv(g 1 (A) = o(Du(z,t)). (43)
M(n+1)><m

Proof. (i) follows the fact that p is continuously differentiable.

(ii): As we have seen in Lemma 11, the support of the measure v(; ) is
contained in the set K, .. Therefore, in (43), we only need to integrate over
Kz C MMHDX™ Bug there, as stated in (i), 0(A) = o(Du(z,t)). Hence, the
claim follows from the fact that, by Lemma 10(i), v(; ) has mass 1. O

Actually, from (ii) in the previous lemma and the fundamental theorem on
Young measures (see, e.g., [1]) it now already follows, that o{Dug) — o(Du) in
LY (T x [0, 7]. However, as we will see in the next lemma, this convergence is even
strong.
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Lemma 13. Let uyx be the sequence solutions of (18) constructed in Lemma 8, u
the limit of this sequence in (32), and

gk (x,t) := |o(Dug(z,t)) — o(Du(z, t))|
Then, gr — 0 in LY(T x [0,7]) for all T > 0.
Proof. Observe, that, since { Duy} is bounded in L°°(0, 0o; LP(T')), by (15) a(Duy)
is bounded in L®(0,7; LP (T)). Therefore, g; is an equiintegrable sequence on

T x [0,7]. Hence, by the fundamental theorem of Young measures (see, e.g., [1]),
for a suitable (not relabeled) subsequence, g — g in L*(T x [0,7]) where

Gz, 1) = / l0(\) — o(Du(z, )| dvge. = 0
Mn+1)xm

Here, we have used that by Lemma 11, we only have to integrate over K, ;) and
that there, by Lemma 12(i), o(A) = o(Du(z,t)). Since gx > 0, the convergence
is strong. By the usual diagonal sequence argument, we can find a subsequence
which converges strongly in Li (T x [0, ]). a

This allows us now to finally prove the existence theorem for the heat flow
of the energy E:

Theorem 14. If the convexr C'-function p satisfies the coercivity and growth con-
ditions (14) and (15), then there exists a global weak solution of (16) for arbitrary
initial data ug € WHP(T, S™).
Proof. Tt follows from Lemma 13, that

o(Dug) — o(Du) in L (T x [0,00]) (44)
By taking the wedge product of (18) with ug, we find that

0 = drug A ug — div(p (|Duk|) A ug). (45)

|D |
Passing to the limit in the weak form of (45), and using (33), (34) and (44) yields

0= duAu—div(p (|Dul)|D | u). (46)

As stated at the beginning of Section 2.2, |u| = 1 almost everywhere on T X [0, co[.
Therefore,
(Byu — div(o(Du)) — uo(Du) : Du)uyp =0 47)
is an identity for arbitrary ¢ € C§°(T x [0, cc]).
Let ¢ € C$°(T x [0, 00], R™1). We test (46) by uA ¢ and use ) = u-¢ in (47)
(observe, that these are admissible test-functions) and subtract the resulting equa-
tions from each another. Using the identity

¢ =u(u-¢)—uA(ung)
this yields the weak form of (16). O
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