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Abstract: We investigate the geometry of Hessian curves H. : 2° + y> 4+ 2% + cayz = 0. In
particular, we present an elementary characterisation of Hessian curves with torsion group Z/6Z.
As an application we show, for example, that a result of Mordell’s implies that the equation 7m* —

26m2e? — 49¢* — n? = 0 does not have a solution in positive integers.
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1. Introduction

One can show that every non-singular, irreducible cubic curve C' in the real projective
plane has a point of inflection & (see Bix [1, Theorem 12.7]), and with respect to O,
one can define a commutative, binary, associative operation “4” on the points of C,
where & is the neutral element. In fact, if P and @) are two points of C, then let
P#Q be the third intersection point of the line through P and @ with the curve C.
If P = @, the line trough P and @ is replaced by the tangent in P. Then P + Q is
defined by stipulating

P+Q = O#(PHQ).

In particular, —P := O#P. With this definition, (C,+) is an abelian group with
neutral element &. Let C(Q) be the set of rational points on C. Then one can show
that (C(Q),+). is a subgroup of (C,+). Now, MORDELL’S THEOREM states that
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the group (C’(Q), +) is finitely generated. For the proof of MORDELL'S THEOREM,
one usually works with the Weierstrass normal form

y? = 2% + ar® + ba (1)
or
y? =23 + b +c (2)

For group calculations in the Weierstrass normal form, the inflection point & =
(0,1,0) at infinity is used. For example, the Weierstrass normal form (1) is used in
Silverman and Tate [11, Section 3.5], and form (2) is used by Mordell in [8, Chap-
ter 16]. The two Weierstrass normal forms (1) and (2) are very well investigated.
However, there are also other normal forms of cubic curves, for example the Hesse
normal form

3+ y3+14+cry=0 for some c € R,

which reads in homogeneous coordinates as
XP+Y?+ 28+ ceXYZ =0.

These so-called Hessian curves play a key-role in the proof that every non-singular,
irreducible cubic curve in the real projective plane has a point of inflection (see
Bix [1, Theorem 12.7]), and Hessian curves are also used in cryptography (see Doche
and Lange [2]). For integral points on Hessian curves X2 + Y3 4+ 73 = nXY Z see
for example Dofs [3].

Below we will translate some results known for cubic curves in Weierstrass nor-
mal form (1) to curves in Hesse normal form. For this, we first summarise some
facts about curves in Weierstrass normal form, and then we transform these curves
into Hessian curves. Then, we give a characterisation of Hessian curves with torsion
group Z./67Z.. As a byproduct we give a complete list of rational or integral solutions
of following equations:

o 1+ 823 =42
o 1+ 2+ a2+ 2%+ 22 + 25 =2

o p2y? + 23+ 93— 92y +54=0

xt + 132%e? + 128y* = 22

224 4 132%y% + 64y = 22

xt — 2622y% — 343yt = 22

72t — 262%y% — 49yt = 22
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2. Some facts about Weierstrassian curves

We say that a cubic curve Wy (with parameters a,b € R) in the real plane R? is a
Weierstrassian curve if

Wap y? = 2% + az® +bx for some a,b € R,

ie., if W4 is in Weierstrass normal form. Furthermore, we say that two Weier-
strassian curves W, and Wy are equivalent, denoted Wy, ~ Wy y, if there
exists a non-zero real a, such that o’ = a?a and b’ = o*b. Since a # 0, the relation
“~” is obviously an equivalence relation. For example, all Weierstrassian curves of
the form y? = 23 —n?z, where n is a non-zero integer, belong to the same equivalence
class (i.e., are pairwise equivalent). Notice that if W, ~ W,y and (z,y) € R? is
a point on W, p, then (a?z,a’y) is a point on Wy p; and vice versa, if (2/,y) € R?
is a point on Wy, then (a~2a',a=3y) is a point on W So, the transformation
(z,y) = (a?x,ay) maps Wy to Wy iy and is a homomorphism of the groups on
W and Wy . In particular, if o € Q, then each rational point on W, ; corresponds
to a rational point on Wy, and vice versa. Finally, we say that a Weierstrassian
curve W, ; is normalised if at least one of its inflection points has z-coordinate
equal to 1.

Before we show that every Weierstrassian curve W, ; with an inflection point in

R? is equivalent to a normalised Weierstrassian curve, we recall the following
Fact 2.1. The z-coordinate of an inflection point in R? of a Weierstrassian
curve W, p, is always a positive root of the polynomial

3zt + 4az® + 6bx® — b2 .

Proof. Let P = (,7) € R? be an inflection point of the Weierstrassian curve Wap-
First we show that # is a root of 3z* + 4ax® + 6bx® — b*>. We have the following
equations:

2 = ¥ +ax®+bx
(y2)' =2y = 322 + 2ax + b
(y2)// — 2y/2 + ny// — 6.%' + 2a

Since 3" at P is zero, we obtain 2y"> = 6z + 2a. Furthermore, we have
(2yy')? =2-(2y%) - %,
which gives us

(322 + 2ax + b)* = 2(6z + 2a) (x> + az® + bx),
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and therefore we obtain

3zt + dax® + 6bz® — > =0.

Now, we show that & > 0. Let p(z) := x(2? + ax +b) and notice that y? = p(x).
In the case when a? > 4b, the roots of p(z) are g = 0 and

xi:%(—a:t\/cﬂ—llb).

In the case when a? < 4b, the only root of p(z) is 29 = 0. In the latter case, p(z) > 0
implies = > 0, and therefore, all points in R? on the Weierstrassian curve Wap, in
particular points of inflection, have a non-negative z-coordinate. In the former case,
notice that x_ < x,. We consider the following sub-cases.

(a) 0 < x_. The curve y?> = p(z) is defined just on the intervals [zg,z_] and
[z4,00). In particular, points of inflection have a non-negative x-coordinate.

(b) z— < 0. We know that the z-coordinate of the inflection point P is a root of
s(x) = 3z + 4az® + 6bz® — b2,
Notice that
o s(z) =12p(a),
e 5(0) = —b?> <0, and

o s(z4) = —3(a® —ava® — 4b — 2b) (a® — 4b),

=:7(a,b) >0

Furthermore, r(a,b) > 0 and r(a,b) = 0 if and only if b = 0 and a > 0. To see this,
notice first that r(a,b) = 0 implies 46> = 0, and therefore b = 0. Now, for b = 0,
r(a,b) = 0 implies a® = av/a2, and therefore a > 0. Finally,

Og(a— (12—4b)2

=2-r(a,b).
We consider the following cases:

(1) x— < 0 < zy. Since p(x) < 0 for every x € (—oo, z_], we have p(x), s(z)’ >
0 for all z € [z_,0]. So, s(z) is increasing on the interval [z_,0], and since s(0) =
—b% <0, s has no root in the interval [z_,0). Hence, the Weierstrassian curve Wap
(i.e., y> = p(z)) has no point of inflection with negative z-coordinate.

(i1) x— < x4 < 0. This implies that for all x € [z_,x4], p(x),s(z)" > 0.
Furthermore, since z < 0, we get a®> — 4b < a? which implies b > 0, and therefore
r(a,b) > 0. Furthermore, since x_ < zy, we have a®> — 4b > 0. Thus, since
s(z4) = —1-r(a,b)- (a® — 4b) < 0 and s is increasing on [z_,z.], s has no root in
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the interval [z_,z;]. Hence, the Weierstrassian curve W, (i.e., y? = p(z)) has no
point of inflection with negative z-coordinate.

(iii) x_ = x4 < 0. This implies a® = 4b, and since z; < 0, we have a > 0.
Now, for all z < 0 we have p(z) < 0, where p(z) = 0 implies * = z;. Thus, (z4,0)
is a singular point on the Weierstrassian curve W,; and no point with negative
z-coordinate can be a point of inflection of W, 3, which completes the proof. O

Now, we are ready to prove the following

Fact 2.2. For each Weierstrassian curve with an inflection point in R? there
exists a unique normalised Weierstrassian curve which is equivalent to the given
curve.

Proof. Let W, be a Weierstrassian curve with an inflection point (zg,y0) € R2.
By FAcT 2.1, 29 > 0, and we can choose « := \/%—0 Then the point (a?zq, a3yy) =

(1,03yp) is an inflection point of Wy where a’ := o?a and b’ := a'b. Obviously,

Wy is normalised, the curves W, and W,y are equivalent, and no other nor-
malised curve is equivalent to W, . [l

The following result characterizes normalised curves.

Fact 2.3. A Weierstrassian curve W, ; is normalised if and only if

2 _6bh—
b#1 and az%.

Proof. If x =1 is a root of 3z* + 4ax>® + 6b2? — b?, then
3+4a+6b—0b* =0,

which implies that a = %. On the other hand, if a = %, then 3 + 4a +
6b—b%> =0 and z = 1 is a root of 3z* + 4az® + 6bx? — b2. Now, if b = 1, then
a = —2 and 23 — 222 + 2 = x(z — 1)2, which shows that W_»; has a singularity at
x = 1, and it is easy to check directly that W_s 1 does not have an inflection point
in R?. O

By FAcCT 2.3 we obtain that a normalised Weierstrassian curve is determined by
the value of b. So, we shall denote normalised Weierstrassian curves by W, instead
of Wgp. The following figures show a few normalised Weierstrassian curves together
with the curve for b = 1:
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2
m | |
2 -1 1 -1 2 2 1 2
1 -1 -1 { -1
2 i J

- -2 -2 -2
b=-1.2 b=0 b=0.5 b=1
A A
2 2 2
1 1 1
L2 -3 -2 -1 1 ¥ !
-1 - -1 { -1 1
-2 - -2 -2 1
b=2 b=9 b=9.13

It is straightforward to compute the y-coordinate of an inflection point of a
normalised Weierstrassian curve.

Fact 2.4. If W, is a normalised Weierstrassian curve (in particular, b # 1),
then the inflection points in R? of W, are

5

Proof. Let W), be a normalised Weierstrassian curve with b # 1 and let (1,w) be an
inflection point of Wj. Then, since (1,w) is a point on Wj, w = +v/a + b+ 1. Now,
by FACT 2.3, a = £=6b=3

w_i\/bz—Gb—3+4b+4_i\/b2—2b+1 b1

, and therefore

+
4 2 2

0

In order to prove MORDELL’S THEOREM for elliptic curves one defines for every
Weierstrassian curve W, a dual curve W, , by stipulating a = —2aq and V' =
a®? — 4b. Since the dual of a normalised curve is in general no longer normalised,
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and since we are mainly interested in normalised Weierstrassian curves, we have to
modify this dualization in order to get normalised dual curves.

Let Wy, 4, be a normalised Weierstrassian curve. Then the normalised dual
curve W, ;, is defined by stipulating

_ 2 _ _
:bo ) and ap ::71)1 61 3.

L =1 4

By definition, W, 3, is a normalised Weierstrassian curve. Moreover, we get the
following

Fact 2.5. If Wy, is a normalised Weierstrassian curve. Then the dual W,

is equivalent to the normalised dual Wy, p,.

Proof. Tt is enough to find an o € R such that a; = a?af, and by = a?b). First
notice that since W, 3, is normalised,

b3 — 6by — 3
ag — f
Let 5
o= .
bo—1
On the one hand we have
4 —202 +12bg +6  —2b2 4+ 12by + 6
2 2 0 0 0 0
cql = (=9 — . —
o+ ap =™+ (=2a0) (bo — 1) 4 (o — 12

and on the other hand we have

b —6b; — 3 _ (b — 9)2 — 6(bg — 9)(bg — 1) — 3(bg — 1)? _ —2b3 + 12by + 6
4 4(bg — 1)2 (bop—1)2

a)] =

which shows that a; = a?aj.
Similarly, we have

16 (b2 — 6by — 3)?
4 0 4 2 _ . 0 _ —
a” by =a” - (a5 — 4bo) oo = 1)1 ( 16 4b0)
(b3 — 6bg — 3) —64by by — 1263 + 3063 — 28by +9
(bo — 1)* a (bo — 1)* -
(bo—1)* - (bo—9) _bo—9 _
(bo— & hy—1
O
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It is easy to verify that the bidual curve Wy of a Weierstrassian curve W,
is equivalent to W, ;. With respect to the normalised dual we get slightly more.

Fact 2.6. If W}, is a normalised Weierstrassian curve and W}, is the normalised
bidual of W}, then by = bg.

Proof. We have that

bo—9 bo—9—9b0+9
b2_b1—9_ 1 9 o1 —8h — by
T p 1 -9 = p—9—bor1 ~  _g O
bi—1 -1 f5=ps 8
which completes the proof. [l

As a further fact, we would like to mention that for every Weierstrassian curve
Wb, there is a homomorphism ¢ from W, to its dual Wy v, i.e., ¢(P4+Q) = ¢(P)+'
#(Q), where +' denotes addition on W, . If ¢’ is the corresponding homomorphism
from the dual W of W, to its bidual (which is equivalent to W, ;, but in general
not identical with W, ) then ¢'o¢ is essentially doubling points. The homomorphism

¢ is given by
2 2
(v,
¢($,y) T (,IQ’ Y 272 )

To get homomorphisms between a normalised Weierstrassian curve and its dual, we
have to slightly modify ¢:

Proposition 2.7. For x # 0, let

) yz 5 2 )
¢i(z,y) == | o T2 ;Y- 2 ,  where q«;:=

b — 1

If we extend ¢; by ¢;(0,0) := ¢ and ¢;(0) = (0,0), then ¢¢ : Wy, — W, and
o1 : Wy, — Wy, are homomorphisms between the dual normalised Weierstrassian
curves Wy, and Wy, . There holds

¢1°¢03 Wbo — Wbo
P s P#P

Proof. The proof is an easy calculation. O

We conclude this section with points of order 6 on a normalised Weierstrassian
curve Wp. For this, let T := (0,0), which is a point of order 2 on W}. Now, by
Fact 2.4, for w = bgl, the points W := (1, +w) are inflection points, i.e., Wy is a
point of order 3. Hence, Sy := T#W. is a point of order 6. It is straightforward to

compute the coordinates of Si.
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Fact 2.8. The two points

(557)

on the normalised Weierstrassian curve W are both points of order 6.

Proof. Let T and WL be as above. Then the line through 7" and W4 is given by
y = tw-x, and the z-coordinates of the intersection points of the line T'W_ with the

curve W, are the zeros of the polynomial z3 + ax? + bz — w?2?. Since a = 1’27#,
and w? = % we get the factorisation

23+ ax? + br — w?a? = z(x — 1)(z — D).
Hence, we obtain Sy = (b, £bw), as claimed. [l

3. From Weierstrass to Hesse and back

In this section, we transform normalised Weierstrassian curves into Hessian curves,
which are, in homogeneous coordinates, cubic curves of the form

H.: X34+Y3+22+¢XYZ =0 for some c € R.

Notice that if (X,Y, Z) is a point on H,, then also (X,Y,Z2), (Y, X,2),(Z,Y,X),...
are points on H..

3 4 3 A 3
2 2 1 2
1 . 1

We now construct a projective transformation ®ywy which maps a normalised
Weierstrassian curve Wy to a Hessian curve H.. In order to construct this trans-
formation, we first map four points on W3 to four points in the projective plane,
and then modify the transformation so that the four points in the projective plane
belong to the same Hessian curve.
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Let Wy be a normalised Weierstrassian curve, i.e., b # 1 and a = I’QT#. In the
projective plane, W} has three points of inflection, namely &' := (0, 1,0) (at infinity)
and (1,4+w,1), where w = b;—l Furthermore, W} has a point of order 2, namely
(0,0,1), and at least two points of order 6, namely (b, £bw, 1). Now, the four points

on W which we map are
A=(1,w,1), B=(0,1,0), C=(0,0,1), D=(b—bw,l).

These points are not collinear and can therefore be projectively mapped to the four
points

A'=(-1,0,1), B'=(-1,1,0), C'=(q,¢,1), D'=(,41)
for some ¢ € R\ {0,—1,1}. Notice that A’ and B’ are on every Hessian curve, and

by FACT 4.4 we know that if C’ is a point on some Hessian curve H,, then so is D’.
The projective transformation @y is illustrated by the following figure:

The projective transformation which maps A+~ A’, B— B, C — C', D~ D',
can be given by the matrix

(b—1+4gqb+1) 1-q —bq
(b—1+q(b—|—1)) —(1-¢q) —bq
1+q(b—1) 0 —b

Nl—= N[

Dy =

Let I" be the image of W} under the projective transformation ®@wy. Then I' goes
through the points A’, B',C’, D’. The following figure shows the curve I' (black)
together with the Hessian curve (red) through the same points:
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In order to obtain the equation for I', we have to compute <I>\7VIH, which corre-
sponds to the matrix

b b —2bg
Ppw = [ 3b(b—1)(1+2¢) —Lb(b—1)(1+2¢) 0
14+4q(b—-1) 14+¢q(b—1) —(b—1)—q(b+1)

Now, a point (X,Y, Z) is on I' if and only if the point (z,y,2)" := ®pw-(X,Y,2)"
is on Wy, or in other words, if z,y, z satisfy the equation

vz = 2 + ax’z + ba2?

where a = 1727#. This is equivalent to saying that X, Y, Z satisfy the following
equation:
0 = (XP4+vP4 23) : (7211 F(A-b)g+1- b)q3)

+ OXYZ- ((3 —b) — (3+3b)g+ (6 — 6b)g> — (6+ 2b)q3)

+ (XQY +Y2Z 4 22X + X272 + Y2X + ZQY) - (1 +(b—3)g+ (b+3)g* + (b— 1)q3)

Thus, I' is a Hessian curve if and only if

1+ (b=3)qg+b+3)P+0b-1)¢ =0,
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which is satisfied if and only if

_ (g1
1+ + ¢
Now, starting with a Hessian curve H,., we get that (¢,q,1) is on H,, if and only
if
1+cq2+2q3 =0,
i.e., if and only if
2¢3 + 1
¢
So, the parameter b of the normalised Weierstrassian curve W, which corresponds

(g—1)3
g+ +¢3°

We summarise the result as follows:

to H, is given by b =

Theorem 3.1. For g € R\ {0,—3,1} let b= % and ¢ = _2q;2+1‘ Then

+q2

1
. X i(b—l—i—q(b—i—l)) 1—gq —bq .
Ope : Wy = He, [y | = [Y ]| =|3(0-1+q0b+1) —(1—q) —bg]| |y
z 4 1+ q(b—1) 0 b))V
is an isomorphism between the normalised Weierstrassian curve
b? —6b— 3
Wy : y2z =23 4+ ax’z + bxz® witha = —1

and the corresponding Hessian curve
H.:X3+Y3+ 7234+ ¢XYZ =0.
In particular, if q is rational, then both b and c are rational.

The following figures show some Hessian curves (red) together with the corre-
sponding normalised Weierstrassian curves (blue):

—2 92 -2
4 4 —4
=% b=-L g=1 b=0 =% b=12
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-2 -2

4 4
_ 243 _ 1 _ _ 7 _ 15625
b= 57 q4=—3 b=9 4= —1g b= 759

4. The dual of a Hessian curve

We now want to define the dual of a Hessian curve H,,. First, observe that the

3
equation ¢y = —2q22+ ! has
0
one solution gy and qg < 0 <= ¢g > —3,
1
two solutions qg, namely ¢p = 1 and gy = —3 — c¢y= -3,

a negative and two positive solutions <= ¢y < —3.

The relation between ¢g and ¢y is illustrated by the following figure:

Co

Later, in LEMMA 5.1, we shall see that if ¢y < —3 is rational, then at most one
of the three possible solutions for qq is rational.

Now, we fix one of the possible values g in the cases where we have a choice (i.e.,

—1)3 . . .
{0—1)° 416 normalised Weierstrassian

when ¢y < —3). Then we consider for by =
0= ) 0= o+ +a
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curve Wp,. Let W, be the normalised dual of W3,. Recall that by = 28:9. This

1
3
(@1-1) =, which in turn yields a

value defines a unique via the equation b; = 4=
que a1 a 1 a+ai+q;

Hessian curve H,, for ¢; = — 2q§2+ L We call H., adual of H.,. The following lemma
1

relates the values gg and ¢;.

. . 2¢3+1
Lemma 4.1. If H., is a dual of a Hessian curve H., and cy = — q32+ , then
0

1— 4¢3
and clziqo.

q1 = —5—
2qo qo

_1)3 )
Proof. We know that by = % and that by = 28:?. Further we infer from the
0 0

previous section that
14 (b1 — 3)q1 + (b1 +3)g} + (b1 — 1)} = 0.
The combination of these three equations yields
(1+2g0q1) (1 —2q1 +4q7 + 4¢3 (1 + 1 + ai) + 290 (a1 (5 + 2q1) — 1)) =0.
This is the case when 1 4 2ggq; = 0, or when
1—2q1 +4q7 + 45 (1 + g1 + 7) + 20 (02(5 + 21) — 1) = 0.

If 1 4 2gpq1 = 0, then
1

G=—5—
2qo

In the other case, we have

(1 —2q0 + 4¢2) + (=2 4+ 10g0 + 4¢3)q1 + (4 + 4q0 + 4¢2)¢% = 0,

and the discriminant of this quadratic equation for ¢; is Dy, := —3(14qo —2q(2])2 <0.
D,, = 0 if and only if ¢ = —% or go = 0. So, the only real solutions for ¢; are when
qo = —%, which gives us q; = 1, and when gy = 1, which gives us q; = —%, and in
both cases we get again
1
G =—5—
2qo
3
Finally, since ¢; = —2q;2+ 1, we obtain
1
1—4q3
C1 = 7(]0 .
do
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Now, for go € R\ {0, —%, 1} and ¢ = —% let
poo @-1* b -6hi—3 _ 20+
;= —

= s C
' ¢+ @+ g 4 ’ ' @

for i € {0,1}. Hence, W, : v’z = 2% + a;x’z + bjzz? are normalised Weier-
strassian curves and W, is the normalised dual of W}, and vice versa. Moreover,
H, X 34 Y34+ 234+ ¢,XYZ =0 are the Hessian curves which are isomorphic to
the curves W, in the sense of Theorem 3.1 via projective maps ®,.,. We consider
the homomorphisms ¢g : Wy, = Wj, and ¢ : Wy, — Wy, from Section 2 which are
in homogeneous coordinates given by

x a?y?z
di: |y | | ady(a® —biz?)

z 1’22

where «o; = b~2T1' We can now push the homomorphisms between the normalised
Weierstrassian curves to the Hessian curves by letting the following diagram com-

mute:

%0 $1

Wi, Wy, Wi,
lqn)oco \L@bl c1 léboco
(2 P
H, - H,, - H,

Observe that by construction 11 : P +— P#P.

For (Xo, Yo, Zy) on the Hessian curve H,, we can explicitly compute (X1,Y7, Z71) :=
10(Xo, Yo, Zo). Reducing the occurring polynomials by X3 + Y + Z3 + coXoY0Zo
one finds:

Theorem 4.2. If H., is the dual of the Hessian curve H,,, then the map

H, — H,
Xo X1 23 Xo(Xo + Y0) Zo + X023 — q0(Yo(Xo + Y0)? + Z3)
Yo| = | Y| =] 2a0Y(Xo+Y0)Zo + YoZ§ — qo(Xo(Xo + Yo)* + Z5)
Zy Z Zo(Xo + Yo — 2q0Z0)(Xo + Yo + qoZo)

is an homomorphism.

The resulting exression for (Xo, Ya, Zs) := 919 (Xo, Yo, Zo) is rather long, but

X, Xo(Y§ — Z2) 0
Yo | x | Yo(Z8 —X3) | = 0| mod (X3 + Y5 + Z3 + coXoYoZ)
Zs Zo(X3 - Y3 0

which shows:
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Proposition 4.3 ([8, Chapter 10]). On a Hessian curve H., there holds
(Xo, Yo, Zo)#(Xo0, Yo, Z0) = (Xo(Y5' — Z5) , Yo(Z5 — X5) Zo(X5 = Y7'))-

If ¢ # —3, then the Hessian curve H. has the three points of inflection & :=
(=1,1,0), (0,—1,1), (1,0, 1), which are points of order 3. Notice that O#(X,Y, Z) =
(Y, X, Z). Furthermore, H. has either 1 or 3 points of order 2, which are all of the
form (g,q,1) for some ¢ € R\ {0}. Concerning points of order 6, we have the
following

Lemma 4.4. If (q,q,1) is a point on a Hessian curve H,, i.e., ¢ = —Lqﬂz,

then (1, %, 1) and (%, 1,1) are points on H, of order 6.

Proof. First notice that if (¢,q,1) is a point on H,, then also %(q,q7 1) =1(1,1, %) is
1

a point on H,., and consequently also (1, 7 1) and (%, 1,1) are points on H.. To see
that S = (1, %, 1) is a point of order 6, notice that

S#S:(qig—Lo, 1—;—3)

which is the same point (in the projective plane) as (—1,0,1). So, S#S is a point of
order 3, and since S 4+ S = O#(S#S) = (0,—1,1), which is also a point of order 3,
we obtain that S is of order 6. The proof for (%, 1,1) is similar. O

5. Rational Hessian curves

If ¢y is rational, then H,, is called a rational Hessian curve.
3
Notice that for example for gy = —(1 + V2 + %), co = _qu(;l = 6 is rational,
which shows that a rational Hessian curve H., does not necessarily come from a

. . . . 2¢3+1
rational go. However, if ¢y < —3 is rational (where ¢ = — q22+ ), then at most one
0

of the three possible values for qq is rational. In order to show this, we first prove
the following

Lemma 5.1. If xg,yo € Q are rational solutions of
14 82% = o%,
then xo = 0 and yp = 1, xoz—% and yg =0, or zg = 1 and yg = £3.

Proof. Let xy = % and yo =  be rational solutions, where r,s,u,v € Z, s,v > 0,
rou # 0, and (r,s) = 1 = (u,v). In the case when u = 0 we obtain zy = —3 and
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1o = 0, and in the case when r = 0 we obtain xyg = 0 and y9 = 1. So, we have to
show that the only other solution is xyp = 1 and yg = +3. Now,

and we obtain , ,
1% (v—u)(v+u) :—(27“) . 3)

v?2 v2 53

We conclude that v? = s3, which implies that there exists a positive integer ¢ such
that v = t3 and 5 = t2, where (t,u) = 1. This gives us

—(2r)3 =1 —u? = (£ —u)(® + u).

Since 2r is even, at least one of the factors 3 + u is even, which implies that ¢3 and
u are both even or both odd, and since (¢,u) = 1, we obtain that both ¢ and u are
odd. Now, let d := (t3 — u,t> +u). Then d > 2 and d | 2u, and since (£3,u) = 1,
we have d { u (otherwise, d | t3), and therefore, d = 2. Since t* — u is even, we have
either t3 — u = 0 mod 4, in which case t> + 4 = 2 mod 4, or t3 —u = 2 mod 4, in
which case t3 + 4 = 0 mod 4. This shows that one of the factors ¢3 £ u is four times
a cube and the other is twice a cube. So, we find non-zero integers a,b such that
(a,b) =1 and
4a3 + 2% = (£ —u) + (13 + u) = 2t3,

or in other words,
3+ (—b)? = 2a>.

So, we arrive at an equation of the form
C3 + B3 =243,

which has only the trivial integral solutions C' = B = A and C = —B, A = 0 (see
Euler [4, p. 520, §247]).

If A =0, then t3 = fu, which is impossible since (¢3,u) = 1. So, assume C' = B
(i.e., t = —b), and that > — u = 2b (the case when 3 + u = 2b? is similar). This
gives us t3 —u = —2t3, and since (t,u) = 1, we finally obtain ¢ = +1 and u = +3.
Thus, yo = +3 and ¢ = 1, which completes the proof. [l

Now we are ready to prove the following

Proposition 5.2. If H., is a rational Hessian curve and cy # —3, then there
3

exists at most one rational gy € Q such that ¢y = —%. In the case when ¢y = —3,
0

we get two rational values for qg, namely qy = 1 and qg = —%.
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Proof. Let qp € Q be a solution of

2% + coz® +1 = 0. (4)

(22° + cor® + 1) : (x — qo) = 22 + (o + 240) + go(co + 2q0)-

Hence, the other two solutions of (4) are

1
B2 = —7 (Co +2qo \/Cg —4eoqo — 12(13)
! (1 +,/1+8 3)
= - q
4qo0 0
3
where we have used that ¢y = —%. Therefore, ¢12 € Q if and only if 1 + SqS’ =
0

(%)2 where u,v € Z, v > 0, and (u,v) = 1. Now, by LEMMA 5.1, we obtain

qo € {—%,07 1}. The case when gy = 0 is impossible, and ¢y = —% or go = 1 both
imply ¢y = —3. O
With LEMMA 5.1 we can show that the cubic curve y?> = 22 + 1 contains only
six rational projective points.
Proposition 5.3. The cubic curve y?>z = x® + 23 contains only the following

six rational projective points: (0,1,0), (—=1,0,1), (0,£1,1), (2,£3,1).

Proof. 1t is easy to verify that the six projective points given above belong to the
curve 42z = 2% 4 3. Furthermore, by replacing x with 2z, it is enough to show that
(0,1,0), (—3,0,1), (0,%1,1), (1,£3,1) are the only rational points on the curve

C: v’z =822+ 23

For this, assume that (zg,y0) is a rational point on the curve y?> = 3 + 1, or
equivalently, (xo,yo0) is a solution of

1 + (21‘0)3 = yg.

Now, in the proof of LEMMA 5.1 we have seen that the only rational solutions of this
equations are when xg € {—%, 0, 1}, which gives us the six rational projective points
(0,1,0), (—3,0,1), (0,41,1), (1,£3,1) on the cubic curve y?z = 2 + 23. O

By replacing # with « — 1, the curve y> = 2® + 1 becomes the normalised
Weierstrassian curve
y? =23 — 32 + 3z,
which corresponds to the Hessian curve H., with ¢cp =6 and g9 = — (1 + 2+ 3%/5)
Notice that by Hurwitz [5] (see also Mordell [8, Chapter 10]), the Hessian curve H,
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with cg = 6 has either exactly three or infinitely many rational points. The two
curves together with a point of order 6 are illustrated by the following figures:

6. Pairs of dual rational Hessian curves

_ 1-4q¢}
2 and ¢ = o then H., and H,, are
dual Hessian curves (see Lemma 4.1). If H., and H,, is a pair of dual Hessian
curves and both ¢y and ¢; are rational, then the pair H., and H,, is called a pair
of dual rational Hessian curves. If a curve H, belongs to a pair of dual rational

Hessian curves, then we say that H. is a dual rational Hessian curve.

2g5+1
If, for some non-zero real qp, cg = —=%

3
We have seen that for gy = —(1 + V2 + %), co = —2q°—2+1 = 6 is rational,
V2 a0

which shows that a rational Hessian curve H., does not necessarily come from a
rational ¢g. However, for dual rational Hessian curves, this is always the case; but
before we show this, we give a parametrisation of the quartic curve

22y + 23 4+ — 9y +54 =0, (5)

which is illustrated in the following figure:
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Proposition 6.1. The map

v:R\{0,1,-3} — {(x,y) e R*\ {(-3,-3)} :x2y2+x3+y3—9xy+54:0}

.

is bijective. The point (1) = 7(—%) = (=3, —3) corresponds to the double point @
on the quartic (5).

Proof. First of all, it is easy to check that each point (z,y) = v(q) satisfies (5).
v is injective: Let (z,y) := v(q) for some ¢ € R\ {0,1,—%}. ie., (x,y) #
(—3,—3). We need to show that only one ¢ can have this property. By eliminating
3
q° from

2¢34+2¢° +1=0 and 4¢3 +yqg—1=0

we obtain 2z¢?> — yg+ 3 = 0. For = = 0 it follows that ¢ = 3/y and we are done.
For = # 0 only two values

L yEVYyE - 24 (6)
N 4x

q+

are possible for g. Observe that y? — 24z = (E’Jr;ﬁ > 0 and y? — 24z = 0 iff
q=— {’/g, corresponding to the point P = (3 3 5%, —6{/ 25—2) on the quartic. So, for
x = P we are done. The following figure shows the quartic (5) together with
(2,9) g fig q g

the parabola y? — 24z = 0 (blue) and the point P.
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=
[e=]
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Otherwise, we have

VY2 — 24z (xy— 9 2 +3y>

Yg4) =(a-) = - 7 .

which vanishes only for (z,y) = (—3,—3). In particular, this means that for only
one value ¢ = g+ we have (z,y) = v(q).

It is instructive to determine the sign of the root in (6): For a concrete point
v(¢q) on the quartic, one can just check which sign is the correct one. Then, by
continuity, this sign is valid for all points on the corresponding branch of the curve
until one reaches P (see the figure above).

7 Is surjective: Let (z,y) # (—3,—3) be a point on the quartic (5). If z > —3

there is a unique ¢ such that z = —2‘1;;1, and ¢ < —%. If we replace z in (5) with

this expression, we are left with an equation in y and ¢ which has, for ¢ < —%, only

one real solution, namely y = 1_4‘13, and hence, (z,y) = v(q). If x < —3, there are
three different values ¢; ¢ {—%, 1} for g such that z = —2q;2+ L. In this case, the

resulting equation in y and ¢ has three real solutions y in terms of g. On the other
hand, each of the three different points v(g;) is a point on (5). Hence, v(q) = (x,y)
for one of the three values ¢ = g;. O

We get a somewhat nicer picture when we transform the quartic (5) projectively
to an “8-shaped” curve and the parabola to a hyperbola:

T X -3 0 0 T
o: |yl —~|Y|=10 -3 0 Y
z A 1 1 -3 z

The following figure shows the transformed quartic (in the plane Z = 1)

54 4+ 72X + 36X2 4+ 9X3 + X* + 72V +63XY
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+18X%Y +2X3Y +36Y2 4+ 18XY2 +3X2Y2 +9Y3 + 2XVY3 4+ Y4 =0

which is parametrised by

(_ 3(1+2¢%) 3¢(1 — 4¢°) )
( :

14+q+¢*)(1 —2¢+4¢%)" (1+q+¢*)(1 —2q+4¢?)

together with the hyperbola, where the red part of the quartic shows where we have
to take the negative root to compute the original q:

With the parametrisation given in PROPOSITION 6.1 of the quartic (5), we obtain
that for each ¢ € Q \ {0}, v(q) is a rational point on (5). As a consequence of the
following result, which characterises dual rational Hessian curves, we get that each
rational point on (5) is the image under ~y of some ¢ € Q.

Theorem 6.2. If H., and H,., is a pair of dual rational Hessian curves, i.e., if
co and c; are both rational, then there exists a unique rational qy € Q such that

2g5 + 1 1 —4¢}
coz—qO;_ and 01:7%.
q0 q0
Proof. Since H., and H,, is a pair of dual rational Hessian curves, ¢y and ¢; are both
rational, say cop = ¢ and ¢; = ¢, and there is a ¢ € R such that ¢y = —ijjl and
c1 = 17—;(13. Notice that by LEMMA 5.1, if ¢ € Q, then ¢ is unique. By eliminating

¢® from the two equations

2q3—{—1_r

— C
q? s ! q v

_1—4q3_u

cy) =
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we get
2¢%rv — gsu + 3sv = 0.

Since ¢ is a root of 2¢?rv — gsu + 3sv, the minimal polynomial of ¢ over @ must
divide this polynomial. Let

g2 su 3s
Mg :=4q _27"1)q+27"

Then m, is the minimal polynomial of ¢ over Q if and only if ¢ ¢ Q. So, in order to
show that ¢ is rational, it is enough to prove that m, is not the minimal polynomial
of g over Q.
So, assume that m, is the minimal polynomial of ¢ over Q. Then, from the
3
_%

equation ¢y = we obtain

2¢° + cog® +1 =0,

and since my, is the minimal polynomial of ¢, there exists a polynomial p(z) = kz +1
with rational coefficients such that

p(q) - mg = 2¢° + cog® + 1.
Since ¢y = %, we have

(@) mg= (kg +1(¢" - 5%a+3) = 2¢° + L¢* + 1)

S

and equating the coefficients yields k = 2, [ = % and
35 u
———=0.
r 3v

Hence, since ¢g = £ and ¢; = %, we get from this
S v

32 1-4¢
2¢3+1 3¢

which is equivalent to 8¢% — 7¢®> — 1 = 0. Thus, we have either ¢ = 1 or ¢3 = —%

and, in both cases, ¢ € Q. This shows that m, is not the minimal polynomial of ¢
over @ which completes the proof. O

As a consequence we get the following
Corollary 6.3. A point (xg,y0) on the quartic curve
x2y2+x3+y3—9xy+54:0
is rational if and only if there is a ¢ € @) such that

2¢° +1 1—4¢
— 5 and yo = .
q

Trog —
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7. Pairs of dual integral Hessian curves

Let H,, be a dual rational Hessian curve with ¢y € Z. What are the possible values
for cg? The answer to this question is given by the following

Theorem 7.1. If H., is a dual rational Hessian curve and cy € Z, then
co € {1,-3,-5}.
Proof. Let ¢y = k for some integer k. Then

2¢% + 1

k:
q2

u

for some rational ¢ = ¥, where u > 0 (since ¢ # 0), v # 0, and (u,v) = 1. We
therefore have

26 +k¢*+1 = 0,

3 2

u u
U3
2u+kv+—2 = 0.
u

Since 2u + kv € Z, u > 0, and (u,v) = 1, we must have u = 1. Hence, ¢ = % for
some v € Z with v # 0 and v + kv + 2 = 0. We consider the following cases:

v > 0: In this case, we have v3 > 1 and v + 2 = —kv for some k < 0. The
only possible values for v are v = 1 and v = 2, which give us k = —3 and k = —5,
respectively.
v < 0: In this case, the only possible values for v are v = —1 and v = —2,
which give us k =1 and k = —3, respectively.
So, the only possible values for k (i.e., for ¢g) are 1, —3, —5. O

8. The torsion group of dual rational Hessian curves

In this section, we give a characterization of rational Hessian curves. For this, we
first prove the following

Theorem 8.1. A Hessian curve H. with ¢ # —3 is a dual rational Hessian
curve if and only if H. has a rational point of order 6.

Proof. (=) Let H. be a dual rational Hessian curve. Then ¢ = —% for some

q € Q. We already have seen that the rational point (%, 1,1) is a point of order 6 on
H_, hence, every dual rational Hessian curve has a rational point of order 6.
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(<) Let P = (Xo, Yy, Zp) be a rational point of order 6 on the Hessian curve
H.. Then 2P is a rational point on H, of order 3, i.e., 2P is a point of inflection.
Therefore, either 2P or P#P is the point (0,—1,1). Without loss of generality, let
us assume that P#P = (0,—1,1), i.e.,

P#P = (Xo(Y§ = 23), Yo(Z3 - X§), Zo(X§ - Vi) = (0,-1,1).

Since Xo(Yg — Z3) = 0, we have either Xo = 0 or Yy = Zy # 0. If Xy = 0, then P
is a point of inflection which contradicts the fact that P is a point of order 6. So,
we must have Yy = Zy # 0, but then,

Xo
P = (—, 1, 1).
Z

Now, since % = )Z(—g is rational and (%, 1,1) is on H., we have q%, +2+ g = 0, which
implies that
2¢% + 1
=
hence, H,. is a dual rational Hessian curve. [l

CcC =

. . . . 2¢3+1
The question is now, whether a rational Hessian curve H, with ¢ = —244% can

have rational points beside the six points (—1,1,0), (0,—1,1), (—=1,0,1), ?q,q,l),
(%, 1,1), (1, %, 1). We will see that this is not the case, but before we have to recall
some facts: As mentioned above, MORDELL’S THEOREM states that the rational
points of an elliptic curve form a finitely generated abelian group (see Mordell [8,
Ch.16]). Therefore, by the FUNDAMENTAL THEOREM OF FINITELY GENERATED
ABELIAN GROUPS, the group of rational points on an elliptic curve is isomorphic to
some group of the form

Z/nZ x ... X Z/nkZ X 7",

torsion group

where n1,...,ny are positive integers with n; | n;41, and r is a non-negative integer.
The group Z/Zy,, % . ..x 72/ 7y, , which is generated by rational points of finite order,
is the so-called torsion group, and r is called the rank of the curve. Now, by MAZUR’S
THEOREM (see Mazur [6]) the torsion group of an elliptic curve is isomorphic to one
of the following fifteen groups:

Z/mZ for m e {1,2,3,4,5,6,7,8,9,10,12} , Z/2Zx7Z/2nZ for n € {1,2,3,4}.

By THEOREM 8.1 we know that every dual rational Hessian curve H, with ¢ # —3
has a rational point of order 6. Hence, the torsion group of a dual rational Hessian
curve is isomorphic to one of the following three groups:

7.)67., 7.J12Z., 7./27 x 7./67.
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With the method at hand we are now able to give a short proof for the following
Theorem. See Papadopoulos [9] and Rubin and Silverberg [10] for similar results.

Theorem 8.2. If H. is a dual rational Hessian curve with ¢ # —3, then the
torsion group of H, is isomorphic to Z./6Z.

3
Proof. Let H., be a dual rational Hessian curve with ¢y = —% for some ¢y € Q.

By MAZUR’S THEOREM it is enough to show that the torsion grooup of H,, is neither
7./27. x 7./6Z nor Z./127.

Assume towards a contradiction that the torsion group of H,, is Z/2Z x Z./6Z.
Then, since Z /27 x Z./67Z is isomorphic to Z /27 x Z./2Z x 7./3Z, there are three
rational points on H., of order 2, where one of these rational points is (qo, go, 1).
Now, the existence of three rational points on H,, is equivalent to the existence of
three rational solutions of 2¢® + coq? + 1 = 0, which, by PROPOSITION 5.2 (and since
cp # —3), is impossible.

Now, assume towards a contradiction that the torsion group of H,, is Z/127Z.
Then there is a rational point Qg on H,, of order 12, which implies that Py := Qo# Qo
is a rational point on H,, of order 6. In particular, the line through Py and Q) is
tangent to the curve H, at (o, and since the tangent to the curve H,, at Py meets
H,, at an inflection point, this implies that gy < 0 (i.e., H, is connected), and since
H_, has just two points of order 6, Py = (1, qlo, 1) or Py = (qio,l, 1). Without loss
of generality, we may assume that Py = (1, q%’ 1); the case when Py = (q%’ 1,1) is
similar. We now apply the homomorphisms g : H., = H;, and ¢; : H,, — H,
given in Section 4, where H., is the dual of H.. Let Q1 := 1(Qp). By the
properties of ¢y and v, we obtain Py = ¢1(Q1) and ¢o(FPy) = Q1#@1. Now,
an easy calculation shows that vy(Py) = (—1,0,1), which implies that Q1#Q1 =
(-1,0,1). If @1 = (—1,0,1), then ¢1(Q1) = (—1,0,1), which contradicts the fact
that 11 (Q1) = Py. Therefore, ()1 is a rational point of order 6 such that Q1#Q1 =
(=1,0,1). If Q; = (1,%,1) (where ¢; = —ﬁ), then ¥1(Q1) = (—1,0,1), which
contradicts again the fact that Py = v1(Q1). Hence, @ is a rational point of
order 6, Q1#Q1 = (—1,0,1), but Q; is neither (1, qil,l) nor (qil,l,l); notice that
(qil, 1, 1)#((%1, 1,1) = (0,—1,1). So, we find at least three points of order 6 on H,,,
which shows that the torsion group of H, cannot be Z/127Z. O

Transforming the dual rational Hessian curve H., to the corresponding Weier-
strassian curve Wy, we obtain the following

Corollary 8.3. The rational solutions (xg,yo) of the equation
1+ 22+ 2% + 2% + 22% + 2P :y2

are (—1,0), (0,1), (2,9).
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(qo—1)3

Proof. Let W, be a normalized Weierstrassian curve where by = P for some
0 0
rational go # 0, and let W}, be its dual (i.e., by = Igg:?). We apply the homomor-

phisms ¢g : Wy, — Wy, and ¢1 : Wy, — Hp, given in Section 2. Let (zg,yo, 1) with

yo 7 0 be a rational point on Wy, and let

bn — 2\2
Lo = (bo ;Uo)
4y

Then, for some rational o,

p1o90(xo, Yo, 1) = (z2,y2,1).
2 6ho—
Now, since y3 = z} + agz3 + boxo, where ag = W, x9 depends only on
and bg. Let us assume that (x2,y2,1) is an inflection point, then zo = 1. Hence,
r9 — 1 = 0, and the solutions for z are

zo € {1, by, $(3—bo£/(bo —9)(bo — 1))}

If 29 = 1, then (x9,yp) is an inflection point, and if ¢y = by, then (x,yp) is a point
of order 6. As a consequence of THEOREM 8.2 we know that there are no other

rational values for xg such that x5 — 1 = 0. Let us consider v/(bg — 9) (bg — 1): By
(90—-1)°
qo+ai+as we get

replacing by with

@ (1+qo+ q3)? qo(1+ g0 + ¢?) ’

\/(bo -9 (bp—1) = \/(1 + 20021 = 240 + dqp) \/(1 +240)* (1 — 2q0 + 445)

which shows that v/(bg — 9) (b — 1) € Q if and only if \/(1 +2q0)3(1 — 2q0 + 4q(2]) €
Q. In other words, v/(by — 9) (bp — 1) € Q if and only if

1+ 4q0 + 4q8 + ng’ + 32q8‘ + 32qg’ =p? for some p € Q, (7)

and since xy can take no other rational values than 1 and by, we obtain that the
only possible values for the rational gy are when the corresponding by is not defined
or the corresponding curve is singular. So, the only rational solutions (qg,p) of (7)
are (—%, 0), (0,1),(1,9), and multiplying gg by 2 leads to the equation

1+2x+x2+x3+2x4+x5:y2,

which has no other solutions than (—1,0), (0,1), and (2,9). O
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9. The rank of H, for ¢ = 1,—5

Hurwitz showed in [5] (see also Mordell [8, Chapter 10]) that for every integer ¢ #
1,—5, the Hessian curve H. has either exactly three or infinitely many rational
points. Now, since the only dual integral Hessian curves H,, are when ¢y = 1, =5, —3,
and since ¢yg = —3 corresponds to the line x + y + 2z = 0 together with the point
(1,1,1), Hurwitz’ result does not tell us something new about dual rational Hessian
curves. However, Mordell showed in [7] that for ¢y = 1, —5, the dual integral Hessian
curve H., has exactly six rational points. Therefore, all rational points on H,, (for
cp = 1,—5) have finite order, which implies that the rank of both curves is zero—
recall that the rank of an elliptic curve is the number of generators of rational points
of infinite order and notice that the rank of H., is the same as the rank of its dual
H,.,.

In order to compute the rank of a dual rational Hessian curve H,,, we first
transform H,, to the corresponding normalised Weierstrassian curve Wy, p,, and
then multiply the coefficients ag and by by o? and o?, respectively, in order to get
integer coefficients a and b, respectively. Then, we apply the technique described in
Silverman and Tate [11, Chapter ITI.6.] to “compute” the rank. To illustrate this
procedure, we consider the case when ¢y = 1, i.e., when ¢y = —1.

First we get bg = 8 and a9 = %. For o« = 2, we obtain a = 13 and b = 128, so,

Wap: y2 =23 + 1322 + 128z

In order to compute the rank of W, which is the same as the rank of H, (for
¢p = 1), we have to find out how many of the following equations have solutions in
positive integers:

n? = m* 4+ 13m2e? + 128¢4 (1)
n? -m* + 13m2e? — 128¢* (2)
n? 2m* + 13m2e? + 64et (3)
n? = —2m* 4+ 13m?2e? — 64et (4)
n? = m* — 26m2e? — 343¢4 (1)
n? = —m* — 26m2%e? + 343¢4 (2"
n? =  Tm* — 26m%e®> — 49¢* (3"
n? = —Tm* — 26m?%e? + 49¢* (4')

The first four equations (1)—(4) are obtained from the curve Wy, and the second
four equations (1")—(4") are obtained from the dual curve W, j, where ¢’ = —2a and
¥ = a® — 4b. The equations (1)—(4) are of the form

n2 = bm* + am?e®2 + byet
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where by and by are integers, bibe = b, and by is square-free. The equations (1")—(4")
are obtained similarly by a’ and . So, for b = 128, b; € {1,—1,2,—2}, and for
b= —343, b, € {1,~1,7, ~ 7).

Let k be the number of equations (1)—(4) for which we find solutions in positive
integers, let k&’ be the corresponding number with respect to equations (1’)—(4’), and
let r be the rank of W, (i.e., of H,). Then, if » > 0,

P
4
Now, since by Mordell’s result the rank of H., for ¢ = 1, —5 is zero, we must have
k-k' <4. In fact, k = k' = 2, i.e., exactly four equations have solutions in positive
integers. These four equations are:

(1) with solution n=14, m=2, e=1
(3) with solution n=28, m=4, e=1
(1')  with solution n=28, m=7, e=1
(4) with solution n= 4, m=1, e=1

In particular, we obtain that the other four equations do not have solutions in
positive integers:

Proposition 9.1. None of the four equations (2),(4), (2'), (3') has a solution
in positive integers.

We may ask whether the rank of a dual rational Hessian curve is always zero.
This is not the case. For example (8,31, —14) is a point of infinite order on the curve
H.,, where ¢y = %67 with corresponding gy = —4, and for ¢y = 4 we have ¢y = —%

with the points of infinite order (8,5,2) and (8, —13,2) on H,,.
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