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A Worked out Galois Group for the
Classroom

Lorenz Halbeisen and Norbert Hungerbiihler

3 OPEN ACCESS

Abstract. Let f = X% —3X? — 1 € Q[X] and let L be the splitting field of f over Q. We
show by hand that the Galois group Gal(L,/Q) of the Galois extension L; /@ is isomorphic to
the alternating group A,. Moreover, we show that the six roots of f correspond to the six edges
of a tetrahedron and that the four roots of the polynomial X* + 18X? — 72X + 81 correspond
to the four faces of a tetrahedron, which allows us to determine all eight proper intermediate
fields of the extension L;/Q.

1. INTRODUCTION. Teaching Galois theory, one often has the problem that the
Galois group of a field extension of @) is either quite simple or too difficult to be
computed by hand. An example of a Galois group which is isomorphic to the dihedral
group of order 8 can be found in Stewart [1, Ch. 13]. Introducing this example, Stewart
writes that this Galois group has an “archetypal quality, since a simpler example would
be too small to illustrate the theory adequately, and anything more complicated would
be unwieldy” [1, p. 155]. Moreover, it is usually rather tedious to compute the Galois
group along with the intermediate fields and their relations.

The aim of this note is to provide a worked out field extension over  whose Galois
group is isomorphic to the alternating group A4 (i.e., to the symmetry group of the
tetrahedron), and to compute by hand all intermediate fields and their relations. If we
do not require that the ground field is @, a canonical way to obtain a field extension
L/K with Gal(L/K) = A, for some fields L 2 K 2 Q, is to start with a polynomial
f € Q[X] of degree 4 such that the Galois group of the field extension L /@Q — where
L is the splitting field of f over Q —is isomorphic to the symmetry group S;. Then,
since A4 <S4, by the Galois correspondence we find a quadratic extension K of Q
such that Gal(L/K) = A4 (see also Osofsky [2, p.222]). However, since the ground
field K of the field extension L /K is already a field extension of Q, it is quite exhaust-
ing to compute Gal(L/K) and the intermediate fields of L/K by hand.

Before we present our example in the next section, we set up the terminology (ac-
cording to [1,3]), where we assume that the reader is familiar with the basic facts of
Galois theory with respect to field extensions over Q.

If f € Q[X] is a polynomial, then the smallest subfield of C containing all of the
roots of f is called the splitting field of f over Q. The splitting field of f over Q
is unique up to isomorphism. If L/Q is a field extension and Q € M C L is a field,
then M is called an intermediate field of L/Q. If M C L are fields, then the group
of all automorphisms of L which fix M point-wise is the Galois group of the field
extension L/M, denoted Gal(L/M). Let f € Q[X] be a polynomial, L; its splitting
field over Q, and M an intermediate subfield, so Q € M C L. Let g € M[X] and let
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K, € L; be its splitting field over M. Then K, /M is a Galois extension. We will only
consider Galois extensions of this type.
Now we can state the main theorem of Galois theory.

THE GaLois CORRESPONDENCE. Let L/Q be an arbitrary Galois extension. Then the
following holds:

« To each subgroup H < Gal(L/Q) there exists an intermediate field L, such that
L7 = {a eL:Vo e H(a(a) =a)}.
* For each intermediate field @ € M C L we have Gal(L/M) < Gal(L/Q) and

LGaAL/M) _ pr

* Let M, and M, be intermediate fields of some field extension L/Q, and let H, :=
Gal(L/M,). If, for some o € Gal(L/Q), we have Gal(L/M,) = o Hyo ', then the
fields M, and M, are conjugate.

* If Q € M C L is such that Gal(L /M) is a normal subgroup of Gal(L/Q) (i.e., the
conjugate class of M contains only M), then the field extension M /Q is Galois and

Gal(M/Q) = Gal(L/Q)/ Gal(L/M).

2. A FIELD EXTENSION L/Q WITH GAL(L/Q) £ A4. We start with the poly-
nomial f = X®—3X? — 1 and consider its splitting field L; over Q. The goal is to
show that Gal(L;/Q) = A4, where A, is the alternating group of degree 4, which is
isomorphic to the symmetry group of the tetrahedron.

In order to compute the roots of f, we replace X2 by & and first compute the roots
of the irreducible polynomial g = £° — 3£ — 1. To see that g is irreducible, consider
the polynomial

Gi=(E-2'—3(-2)—1=§ —65+9 —3.
By the Eisenstein-Schonemann Criterion (with p = 3), we see that g is irreducible
over Q, and so is g.
Observe that every complex number £ # 0 can be written as § = a + 8 with a® +
B = 1. Indeed, for B = £ — o we have B° = £° — 3£%a + 3£a® — o and hence
=0’ 4 B° =£(&* — 3Ea + 3a?).

This is a quadratic equation for ¢ € C with a solution if £ 7 0. In particular, a root &
of g can be written in the form & = o + g with «® + > = 1. Then

g=@+p’=3@+p —1=a>+3*+3ep>+ 8 -3 -38—-1=0.
So, since o® + B3 = 1, we have
3af(a+B) —3(a+8) =0
and since o + f # 0, we obtain

1 |
aff =1, B=—, and o+ — =1
o o
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If we set z := o3, then z + % = 1 and hence 72 — z + 1 = 0. We choose the solution

1 = % +i%§ ="/,
Now « is a third root of z; and we choose o = ¢™/°. Since 8 = 1 = &, we obtain

& =& =a+a=2cos(/9).
Then

g =(+a)’=a’+3c’a+3aa’+a’ =3a+a)+o’+a =3¢ +1
S~~~ V S—— ~—

=u =a =& =1

which shows that & is indeed a root of g = £* — 36 — 1. The two remaining third
roots of z; are

Q23 L pmil9 w9 T

A3 Tl GI3mi/9 13

Hence the roots of g are given by

& = a+ta = 2cos(/9),
& = o' +a’ = 2cos(7n/9),
& = a®+a® = 2cos(137/9).

Thus, g = & — 36 — 1 = (§ — &)(§ — &)(§ — &), which shows that & & & = 1,
E16+6586+8E =-3,andé +§ +& =0.
Notice that

_52 — em'(e7ni/9 +e—7ni/9) — ele‘/Q +62m'/9 — e—Zni/‘) + eZni/9 — 062 +&2’
and similarly we have —&; = o* + a*. Thus we have

_£2 . ~\2 . ~ 2 =2\ __ . . _
2§ =2—-(@+a)=2—-QRoaa +a’+a)=2-2-§) =6.
=1 =—&
Similarly we get 2 — & = & and 2 — &} = &. This shows that Q(&) = Q(&) =
Q(&3). In particular, Q(&,) is the splitting field of g over Q. So, for L, := Q(&)),
the field extension L,/Q is Galois.
For convenience in later arguments, we rewrite the three roots of g as follows:

& =a+a = 2cos(7/9)

& =2cos(7Tmr/9) = —2cos(7Tn /9 + ) = —2cos(27/9)

& =2cos(137/9) = —2cos(137/9 + ) = —2cos(47/9) .

Then by construction we obtain the six pairwise distinct roots of f as £./&; for
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1 < k < 3. In particular, we define

&1 = WJ2cos(/9) { = -4
& = iy/2cos(2m/9) s = =&
3 = iy/2cos(4m/9) Le = —&3.

This shows that

=X =X+ )X =) (X + )X — 5)(X +83).

Notice that since & & & = 1, we have {7 ¢7 ¢7 = 1, which implies that the product
(£81)(£82)(£&3) = £1. Moreover, by definition of ¢y, £, {3 we have ¢ & &3 = —1.
Now, let us show that f is irreducible over Q. For this, assume on the contrary that
f = p - q for some nonconstant polynomials p, g € Q[X]. If deg(p) = 1,e.g., p =
(X — ¢1), then ¢; € Q, which is obviously a contradiction. Assume now that deg(p) =
2eg, p=X-)X+)=X"-&§op=X-X-0) =X —(+
£)X 4+ ¢ &. Then, in the former case this would imply &, € Q, and in the latter case
this would imply ¢, &, = — L € Q. Thus in both cases we arrive at a contradiction. If

I$
deg(p) = 3 and p is of the form

P=X-0)X+)X -0 =X —oX"+...,
then ¢, € Q, which is again a contradiction. Finally, if deg(p) = 3 and p is of the form
p=X-0)X-0)(X —)=1+bX +cX*+ X,
then ¢ is of the form
g=X+)X+ )X +8)=—1+bX —cX* + X°.

Since f = p-q = X% —3X? — 1, we must have 2b — ¢*> = 0 and b*> — 2¢ = 3.
In particular, b = % and therefore % —2c¢ + 3 =0, but since % —2c¢+3 > 1forall
¢ € R, we conclude that p ¢ Q[X]. Thus, there are no nonconstant polynomials p, g €
Q[X]suchthat f = p - g, which shows that f is irreducible over Q. In particular, since
f € Q[X] is a monic, irreducible polynomial of degree 6 with the six roots ¢i, ..., &,
we have ¢, ¢ Q(&) forl <m <6and1 <k <3.

Let Gy := Gal(L;/Q) and G, := Gal(L,/Q), where L; and L, are the split-
ting fields of f and g, respectively. Then, since deg(g) = 3 and L, = Q(&;), we
have |G,| = 3 and therefore G, = C3, where C, denotes the cyclic group of or-
der n. Furthermore, since the field extension L,/Q is Galois, Gal(L;/L,) < G and
G/ Gal(L;/L,) = Cs. Since ¢, ¢ Q(&), Gal(Ly/L,) is not the trivial group.

Now, we consider Gal(Ls/L,). Leto € Gal(Ly/L,). Theno(§) =& for1 <k <
3. Thus o (¢,) = £¢&, for all 1 < m < 6. To see this, consider, for example, & =
o) =0 &) =0(8) - 0(g). Therefore Gal(Ly/Lg) < Cy x Cy x Cy.

If we adjoin to the field L, a root ¢,, (for 1 < m < 6), then we obtain the interme-
diate field L, C L,(¢w) € Ly, where Gal(Ly(¢,)/L,) = C,. Since {nzq = & for some
1 <k <3and Q1) = Q&) = Q(&), we have L,(Z,) = Q(&,). Since each of the
fields Q (&) (for 1 < k < 3) is the splitting field of a quadratic polynomial of the form
Z* — ¢} for 1 < k < 3, each of the field extensions Q(¢;)/L, (for 1 < k < 3)is Galois
with Gal(Q(&)/L,) = Co.
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Now, there are three possible intermediate fields of the form Q(¢,,), namely Q(&),
Q(&,), and Q(&3). To see that these three intermediate fields are pairwise distinct, no-
tice first that, since ¢; = /2 cos(¢) € R, we have Q(¢;) € R, and therefore &, &3 ¢
Q(¢). Furthermore, if ¢; € Q(&,), then, since 9 (¢,) = 0, we can write

Gi=a+bi;+ct)=a+bé+cE witha, b, ceQ.

Thus, ¢ € Q(&), which is not the case. Similarly, ¢; ¢ Q(&;). Furthermore, if ¢, €
Q(&3), then with ¢, ¢3 = i we would have ¢; € Q(¢3), which is not the case.

To summarize, for 1 < k <3 we have L (&) C Ly, Gal(Lg(&k)/Lg) = C,, and
from Gal(L;/L,) < C, x C, x C, we obtain that C, x C, < Gal(Ls/L,). In partic-
ular we have that Gal(L;/Q) is not cyclic.

Finally, we show that L, = Q(¢;, ¢;) for any distinct i and j with 1 <i, j < 3.
To see this, recall that (£¢;)(£¢2)(£¢3) = £1, which implies that we can compute,
for example, ¢, from ¢; and &3. Now, since Q(¢?) = Q(&;), which implies & € Q(¢)),
and since Q(&) = Q(§;) for all 1 < i, j < 3, we conclude that &; € Q(¢g;) for all
1 <i, j < 3. Furthermore, since {; is a root of Z? — §; € Q(¢;)[Z] and ¢; ¢ Q(¢;),
we have Gal(L;/Q(¢;)) = C,. In particular, Gal(L;/L,) = C, x C».

Now, we are ready to show that Gal(L;/Q) = A4. Since Ly = Q(¢1, ..., &), ev-
ery element 7 € Gal(L;/Q) corresponds to a permutation of i, ..., s, where the
elements &, &, & (i.e., the elements {7, £, ¢7) are permuted cyclically. By the obser-
vations above, every m € Gal(L;/Q) can be written as 7 = o/"°p" for [ € {1, 2, 3},
m € {0, 1}, and n € {0, 1, 2}, where, in cycle notation,

P =1(516283)(Ca8586)

andfor1 < j <6,

oi(t) = g if e{l,l+3},
—{; otherwise.

Since p corresponds to a cyclic permutation of &, &, &, we have p € Gal(L,/Q),
and since for 1 <i < 3 we have 0;(§) = &, o, € Gal(Ly/L,). So, since
Gal(Ly/Lg) = C, x C,, we get that for any pairwise distinct 7, j, k € {1, 2, 3}, if
0,(¢) = —¢ and 0;(¢;) = —¢;, then 0;(&) = & (i.e., | = k), which corresponds to

the fact that ¢ = ﬁ
i'Sj

Let us now consider a tetrahedron 7 with the six edges (1), 2), 3), @), (5), (o),
where the pairs of edges (1), (), (2), (5)), and ((3), (6)) are opposite edges of T. If
we identify the six edges (1), ..., (6) with the six roots ¢j, ..., { of f, then every
element 7w € Gal(L;/Q) corresponds to an element of the symmetry group of the
tetrahedron T, i.e., to an element of the alternating group A4 (this fact is visualized
by Figure 3 at the end of the next section).

3. SUBGROUPS AND INTERMEDIATE FIELDS. Figure 1 illustrates all sub-
groups of A4. For some of these subgroups of A4, we already found the corre-
sponding intermediate fields. In particular, we found that the field that corresponds
to C; x C, is L, = Q(&)), and since C, x C, is a normal subgroup of A4, we ob-
tain that Gal(L,/Q) = A4/(C, x C;) = Cs. Furthermore, the three fields which cor-
respond to the subgroups C, are Q(¢1), Q(&), and Q(¢3). Notice that these three
fields are pairwise conjugate. To see this, let 0 € Gal(L;/Q(¢1)) and let, for example,
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{1}

C3 03 CS CS

Ay

Figure 1. Subgroup Diagram of Gal(Ly/Q) = A4. For two groups H and G, anarrow H — G or H — G
indicates that H is a subgroup or a normal subgroup of G; and ¢ denotes the identity automorphism of L.

m € Gal(L;/Q) be such that w(¢1) = =&, (&) = —&3, (&3) = &;1. Then

oo (&) = weo (=) = w(=¢) = &,

which shows that the automorphism 7 o o7t ~! fixes &, i.e., oo o7 ~! is an element of

Gal(L; /Q(52)).

In order to find the four intermediate fields M; (for 1 <i < 4) with Gal(L;/M;) =
C3, we proceed as follows. First, we identify ¢y, ..., { with the numbers 1,...,6
and the elements of the group A, with a subgroup of S (i.e., the symmetry group of
{1, ..., 6}). Furthermore, let, again in cycle notation,

H :=((123)456)), H,:={(156)(423)),
H;:=((345)(612)), Hy:=(264)(531),

be the four subgroups of A4 which are isomorphic to C;. Then, the four intermediate
fields M; are the four fixed-fields

M; = L;Ii = {a € Ly :Yo € H;, o(a) =a}.

Let 94, 9,, 3, ¥4, be defined as follows:

o= (Lt + &G +l) + &8 +8s)
Y = 5§+ + G+l + &G+ )
M = §1(G5+8) + &G+ 8) + &6+ )

ty = §(L+) + &UWG+8) + &G+,

It is not hard to verify that for each 1 <i < 4, M; = Q(¥;). For example, consider the
elemento :=(132)(465) =((123)45 6))2 € H,. Then

o) =& +85) + (L +8) + &E(53+8y) =1
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which shows that o € Gal(L;/M,). Furthermore, we can verify that for
=(25)(30), o3 := (14)(259), oy := (143 6),

we have

0'2H10'2 03H103 a4H1tr4

L - M27 L — M3’ L — M4a

which shows that the four intermediate fields My, ..., M, are pairwise conjugate. For

example, let T := (132)(465) € H,. Then 7 := 0207:002_1 =(165)(243)and we
have

() =8&& + ) + &G+ 8) + &G+ 84 =

which shows that 7 € Gal(L/M,). Moreover, we get that

7 () = &(8 + &5) +E1(8 + &3) +82(86 + &1) = Va,
T (04) = &3(8s + $2) +E1(85 + &6) +E2(83 + &) = Vs,
T (93) = &3(81 +&5) +E1(5 + 86) +82(83 + &) = Wy,

which shows that 7 is a cyclic permutation of ¥, ¥4, and ;.
Figure 2 illustrates all intermediate fields of the field extension L;/Q.

Q(CMCQ) = (Cz C3 C37C1

QG Q&) \

Q(&) = Q(

Q

Figure 2. Diagram of intermediate fields. For two fields K and M, an arrow K —> M or K —» M indicates
that K is a subfield of M, and K —» M indicates that the field extension is Galois.

Finally, we consider the polynomial /& := (X — 9)(X — 3)(X — ¥3)(X — ¥4). To
keep the notation short, we introduce the following function: For integers a, b we
define a (Mod b) by stipulating b (Mod b) := b and @ (Mod b) := a (mod b) for a #
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b. Then, since for 1 < j <6, {; = —{j13mod ) and {f = & (mod 3)» and bearing in
mind the identities

G-t =1, £§1-&5-& =1,
E+6+865=0, & E+E E+E =09,

and for 1 <i <3,
Eiz + %-i2+] (Mod 3) = 4 + Si’ %—iz = 2 - §i+l (Mod 3)» §i3 = 3‘§l + 15

4(e2 2
§ ( i1 (Mod 3) T Si+2(Mod 3)) =17 — 9&; 1| (Mod 3)

we obtain
h=X*+18X%—72X +8l.

Since v, ..., U4 belong to L, where L, is the splitting field of 2 € Q[X] over Q,
L, is a subfield of L ;, and since L, /Q is a Galois extension, Gal(L;/L;) < A4 and
therefore Gal(L,/Q) = A4/ Gal(L;/Ly), which implies that Gal(L,/Q) is isomor-
phic to either {t}, C5, or A;. We have seen above that there is a w € Gal(L,/Q) which
is a cyclic permutation of ¥, 93, ¥4, and similarly, we find a 7’ € Gal(L,/Q) which
is a cyclic permutation of ©,, 93, 4. Hence Gal(L,/Q) must be isomorphic to A4. In
particular, the fields Ly and L, are isomorphic.

Let us consider again the tetrahedron 7 with the six edges ¢, ..., {5, where the
pairs of edges ¢;, ;13 (for I <i < 3) are opposite edges of 7. We already know that
the group Gal(L;/Q) is isomorphic to the symmetry group of the tetrahedron acting
on its six edges. We show now that Gal(L,/Q) is isomorphic to the symmetry group
of the tetrahedron acting on its four faces. For this, we identify the four faces of the
tetrahedron with the four roots 94, . .., ¥4 of & as illustrated in Figure 3.

In order to see that the elements of the symmetry group of the tetrahedron corre-
spond simultaneously to the elements of Gal(L;/Q) and Gal(L,/Q), respectively, we
consider two elements of the symmetry group of the tetrahedron.

First, let p; be the rotation by the angle 7 about the axis joining the midpoints of the
edges ¢; and ¢4. Then p; acts on the edges and the faces of the tetrahedron as follows:

&1 —> & C4 = &4 §3 <> s & <> s

and

E1(L+86) +6(83+84) +53(81 +85) < E1(8s+83) +E(8 + Ca) + 680 + &)
191 02

E1(5s+86) +86(53+81) + 58+ 8) < E(L+8) +85(8+ ¢ +83(8s +&5) .
U3 Uy

Notice that the intermediate field which corresponds to p; is Q(¢;).

Second, let p, be the rotation by the angle 27 /3 about the axis joining the center
of the face ©#; with the opposite vertex. Then p, acts on the edges and the faces of the
tetrahedron as follows:

=& b — G =>4 C4 — G5 &s = 8o 86 = &4
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1 (rear face)

G2

G Vs

G
G V4

Figure 3. The elements of Gal(L;/Q) and Gal(Lj;/Q) act as congruence transformations of the tetrahedron
on its edges and faces, respectively.

and

E1(L+86) +6(83+84) +8535(8 +85) — E(8+8a) + 68+ &5) +E1(8 + L)
191 ﬁl

§1(55+83) + 8686+ 84) +53(81 +82) — &8+ ¢1) +863(8a+&5) +&(8H + &)
W Uy

E(+ )+ 6+ 0) +E5(0+8s) = &G+ 8) +E66+ ) +E(8s + Ee)
194 193

E1(G5+86) +6(+8) +E5(G+8) = &G+ ) +E6E+ ) +HE(Es+ ).
3 %

Notice that the intermediate field which corresponds to p; is Q ().

Conclusion. What we have achieved is a visualization of a Galois group in terms of
the edges and faces of a tetrahedron. In particular, we found two polynomials f and &
of degree six and four, respectively, such that the roots of f correspond to the six edges
and the roots of /& correspond to the to the four faces (or vertices) of the tetrahedron.
Moreover, since we were able to carry out all the calculations by hand, we obtained
a complete understanding of the field extension L ,/Q, and in addition, we have an
illustrative example of a Galois extension that shows the power and beauty of Galois
theory.

ACKNOWLEDGMENT. We would like to thank the referees for their valuable remarks and comments.

June-July 2024] A WORKED OUT GALOIS GROUP 509



DISCLOSURE STATEMENT. No potential conflict of interest was reported by the authors.

ORCID
Norbert Hungerbiihler ¢ http://orcid.org/0000-0001-6191-0022

REFERENCES

[1] Stewart I. Galois theory. 4th ed. New York: Chapman & Hall/CRC; 2015. doi: 10.1201/b18187

[2] Osofsky BL. Nice polynomials for introductory Galois theory. Math Mag. 1999;72(3):218-222.
doi: 10.1080/0025570X.1999.11996733

[3] Morandi P. Field and Galois theory. New York: Springer; 1996. (Graduate texts in mathematics; vol.
167). doi: 10.1007/978-1-4612-4040-2

LORENZ HALBEISEN received his Ph.D. in mathematics from ETH Ziirich in 1994. He has been a lecturer
at Queen’s University Belfast and at the University of Ziirich, and since 2022 he is professor at the ETH Ziirich.
He likes all kinds of puzzles and mathematical problems with a combinatorial flavor.

Department of Mathematics, ETH Zentrum, Rédmistrasse 101, 8092 Ziirich, Switzerland

lorenz.halbeisen @math.ethz.ch

NORBERT HUNGERBUHLER received his Ph.D. in mathematics from ETH Ziirich in 1994. He has been
a professor at UAB in Birmingham, Alabama, at the University of Fribourg, and since 2010 at ETH Ziirich.
He likes to combine different areas of mathematics and to look at familiar things from a new viewpoint.
Department of Mathematics, ETH Zentrum, Rémistrasse 101, 8092 Ziirich, Switzerland
norbert.hungerbuehler @math.ethz.ch

510 (©) THE MATHEMATICAL ASSOCIATION OF AMERICA  [Monthly 131


http://orcid.org/0000-0001-6191-0022
mailto:lorenz.halbeisen@math.ethz.ch
mailto:norbert.hungerbuehler@math.ethz.ch

	Introduction.
	
	Subgroups and Intermediate Fields.


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Adobe Gray - 20% Dot Gain)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Preserve
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Courier
    /Courier-Bold
    /Courier-BoldOblique
    /Courier-Oblique
    /Helvetica
    /Helvetica-Bold
    /Helvetica-BoldOblique
    /Helvetica-Oblique
    /Symbol
    /Times-Bold
    /Times-BoldItalic
    /Times-Italic
    /Times-Roman
    /ZapfDingbats
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 200
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.20
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 200
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.20
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 400
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /ENU ([Based on 'TandF-preview-FP'] Use these settings to create Adobe PDF documents suitable for reliable viewing and printing of business documents.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /BleedOffset [
        0
        0
        0
        0
      ]
      /ConvertColors /NoConversion
      /DestinationProfileName (sRGB IEC61966-2.1)
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements true
      /GenerateStructure false
      /IncludeBookmarks true
      /IncludeHyperlinks true
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MarksOffset 6
      /MarksWeight 0.250000
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PageMarksFile /RomanDefault
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


