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Helmholtz BVP and plane wave basis
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PWDG method

Plane wave discontinuous Galerkin method

Find un € Vy, such that for all v, € Vy,

/ ﬁthh-n—iw/ on-NVp =0
K oK

for all K € 7.
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PWDG method

Plane wave discontinuous Galerkin method
Find un € Vy, such that for all v, € Vy,

/ ﬁthh-n—iw/ on-NVp =0
oK K

for all K € 7.

Trefftz method Basis functions in kernel of Helmholtz operator
in every K € 7y,
~>  no volume integrals.
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PWDG method

Plane wave discontinuous Galerkin method

Find un € Vy, such that for all v, € Vy,

/ Uthh-n—iw/ on-NVp =0
oK oK

for all K € 7.

Numerical fluxes
Vun

iw

Gh(uh) ~ uh|3K ah(uh) ~
oK

weakly ensure interelement continuity and boundary conditions.
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PWDG method

Plane wave discontinuous Galerkin method

Find un € Vy, such that for all v, € Vy,

/ Gthh-n—iw/ on-NVp =0
K oK

for all K € 7.

Numerical fluxes

Vo,

Gh(uh) ~ uh|3K ah(uh) ~ i

oK

weakly ensure interelement continuity and boundary conditions.

For a particular choice of Uy, op: recover ultra-weak variational
formulation (UWVF) of O. Cessenat and B. Després.
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h-Convergence
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h-Convergence (w = 4)

h-Convergence in energy norm, w=4, p=5
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i h—Convergrence in energy norm, w=64, p=5
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Pollution of discrete solution

For large w, convergence is ‘delayed’.
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Cause: error in phase of discrete solution (dispersion), i.e. the
discrete solution uy, has wavenumber @ instead of w.
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Pollution of discrete solution

For large w, convergence is ‘delayed’.

Cause: error in phase of discrete solution (dispersion), i.e. the
discrete solution uy, has wavenumber @ instead of w.

discr. sol. -

poll. error
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Pollution of discrete solution

For large w, convergence is ‘delayed’.

Cause: error in phase of discrete solution (dispersion), i.e. the
discrete solution uy, has wavenumber @ instead of w.

discr. sol. -

poll. error

Error in energy norm (for odd p > 3, numerically determined):

p—1
2

lu—unl, ~ (wh) as h—0
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Pollution of discrete solution

For large w, convergence is ‘delayed’.

Cause: error in phase of discrete solution (dispersion), i.e. the
discrete solution uy, has wavenumber @ instead of w.

discr. sol. -

poll. error

Error in energy norm (for odd p > 3, numerically determined):
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Dependence of dispersion on propagation direction

Dispersion Re(w —w)
Dissipation Imw
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Dependence of dispersion on propagation direction

Dispersion Re(w —w)
Dissipation Imw
Dispersion and dissipation vanish

in propagation directions of plane
wave basis functions.
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Dependence of dispersion on propagation direction

Dispersion Re(w —w)
Dissipation Imw

Dispersion and dissipation vanish
in propagation directions of plane
wave basis functions.

Flexibility of PWDG method:
propagation directions of basis
functions are arbitrary.
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Dependence of dispersion on propagation direction

Dispersion Re(w —w) e
Dissipation Im& ‘ "

Dispersion and dissipation vanish
in propagation directions of plane
wave basis functions.

Flexibility of PWDG method:
propagation directions of basis
functions are arbitrary.

Adaptivity: Use dominant wave
directions of exact solution!
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Adaptive basis (possible approach)

Error  en(X) = un(x) — u(x) ~ ced*  for xeK
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Adaptive basis (possible approach)
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— use e g5 g further basis function on K

To extract the propagation direction d from a plane wave

i Ve
en(x) = edx = d= . eh
weh
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Adaptive basis (possible approach)

Error  en(X) = un(x) — u(x) ~ ced*  for xeK

— use e g5 g further basis function on K

To extract the propagation direction d from a plane wave

i Ve
en(x) = edx = d=— eh
weh

Propagation direction dy of new basis function:

ah:Rei -Vﬂ’ dn &
K| Jk iwen |dp|

Claude J. Gittelson (ETHZ SAM) PWDG CNS/SNK 25.4.2008 719



Convergence of adaptive method

Convergence of adaptive method
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Convergence of adaptive method

Convergence of adaptive method
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Convergence of adaptive method

Convergence of adaptive method
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Convergence of adaptive method

Convergence of adaptive method
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Convergence of adaptive method

Convergence of adaptive method
107 £ VYRVIvueg YLy
a6 V‘Vvv_vv — ¥ — uniform
__o adaptive, Py=5
\V\ __o adaptive, Py=1

@ Fast initial convergence

@ More efficient
discretization than
uniform basis

relative error (energy norm)

However,

@ Convergence rate
deteriorates

@ Stability issues
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Summary
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@ Homogeneous Helmholtz BVP: plane wave basis more efficient
than polynomials
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@ Homogeneous Helmholtz BVP: plane wave basis more efficient
than polynomials

@ Dispersion causes delay in onset of convergence for large w

@ Adaptive basis selectively decreases dispersion and leads to
more economical discretizations than uniform basis

C.J. GITTELSON, R. HIPTMAIR AND |. PERUGIA,Plane wave
discontinuous Galerkin methods, M2AN (Submitted).
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