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About me

PhD Mathematics, Algebraic Topology
University of Illinois at Chicago Circle 1980

Teaching at Math Dept, Göteborg, 1980-2012
Mostly teacher training, both prospective and in-service

Now happily retired
Love music and the Borromean rings
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Quartic
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Golden Rectangle

ϕ =

√
5+ 1
2

=
2√
5− 1
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Quadratic
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Cubic
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y = x3 + 2x
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y = x3 − 2x
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Inflection point
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Symmetry
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Symmetry
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y = x4
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General quartic
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Quartic with two inflections

f (x) = x4+ lower terms
f ′(x) = 4x3+ lower terms
f ′′(x) = 12x2+ lower terms
We want inflection points k < l , so
f ′′(x) = 12(x − k)(x − l)
which will be easier to handle if we complete the square:

let
{

m = k+l
2 (midpoint)

r = l−k
2 (radius)

so
{

k = m − r
l = m + r
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Inflection points and midpoint

Thomas Weibull (Göteborg) 4th degree polynomials ETH 12 Sep 2018 15 / 40



Quartic with two inflections

Then f ′′(x) = 12(x − k)(x − l)
= 12(x −m + r)(x −m − r)
= 12((x −m)2 − r2)
= 12(x −m)2 − 12r2

so f ′(x) = 4(x −m)3 − 12r2(x −m) + c
(or even better + cr3, but it doesn’t matter)

and f (x) = (x −m)4 − 6r2(x −m)2 + c(x −m) + d
(or + cr3(x −m) + dr4)
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Inflection points and midpoint
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Inflection line
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Inflection line

f (x) = (x −m)4 − 6r2(x −m)2 + c(x −m) + d
Now, the inflection line is given by y = g(x), where

g(x) =
f (l)− f (k)

l − k
(x −m) +

f (l) + f (k)
2

Since l −m = r = −(k −m) and l − k = 2r , we have{
f (l) = r4 − 6r4 + cr + d
f (k) = r4 − 6r4 − cr + d

and g(x) = c(x −m)− 5r4 + d
so f (x)− g(x) = (x −m)4 − 6r2(x −m)2 + 5r4

= ((x −m)2 − r2)((x −m)2 − 5r2)
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Intersections
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Lengths

f (x)− g(x) = ((x −m)2 − r2)((x −m)2 − 5r2)
so the inflection line intersects the quartic for
x = m ± r and x = m ± r

√
5, that is at

i = m − r
√
5, k = m − r , l = m + r , j = m + r

√
5, so

j − l = k − i and j−k
l−k = r(1+

√
5)

2r = ϕ (= l−k
j−l = 2r

r(
√

5−1)
)

These same relationships apply, by similar triangles, to the corresponding
parts of the inflection line.
Mission accomplished!
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Lengths
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Some history

This was discovered in 2004 by Lin McMullin when working on determining
the relationship between the enclosed areas, a problem set by John F
Mahoney.
He proudly describes using his Texas Instruments Voyage 200 with its
built-in CAS (Computer Algebra System) to determine the above
intersections; in terms of k and l , the other two are i = ϕk − 1

ϕ l and
j = ϕl − 1

ϕk , which, I believe rightly, he found even more interesting than
the areas.
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Lin McMullin

www.ncaapmt.org/calculus/newsletters/Winter2005/NCAAPMTv13no1.pdf
Lin McMullin also has a blog, https://teachingcalculus.com/
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John F Mahoney

https://www.maa.org/careers/career-profiles/academia-teaching/john-
mahoney
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Areas

Let’s consider also the areas.
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Areas

We can split the middle one at x = m.
We have four regions of different shapes.
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Areas

We need the integral
∫
(f (x)− g(x))dx
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Areas

The integrand is symmetric in the line x = m, so the two regions below the
line are congruent, as are the two halves of the region above the line.
Also,∫ m+r

√
5

m (f (x)− g(x))dx =
∫ m+r

√
5

m ((x −m)4 − 6r2(x −m)2 + 5r4)dx =
{set ru = x −m}

= r5 ∫ √5
0 (u4 − 6u2 + 5)du
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Areas

The new integrand
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Areas

∫ m+r
√

5
m (f (x)− g(x))dx =

= r5 ∫ √5
0 (u4 − 6u2 + 5)du = r5[15u5 − 2u3 + 5u]

√
5

0 =

= r5

5 [u
5 − 10u3 + 25u]

√
5

0 = r5

5 [u(u
2 − 5)2]

√
5

0 = 0
so half the "above" area is equal to the "below" area.
(This area is r5

5 · 1 · (1
2 − 5)2 = 16

5 r5 = (l−k)5
10 .)

I was quite surprised to find that a primitive function of (u2 − 1)(u2 − 5) is
1
5u(u2 − 5)2 !
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Advanced level

A more sophisticated approach to both the length and the area problem is
to notice that any quartic is affinely equivalent to this last one, where the
relationships are almost obvious.
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Golden Rectangle

ϕ =

√
5+ 1
2

=
2√
5− 1
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Golden Triangle

The angle at D is 36◦ and the angle at A is bisected.
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Pentagon, pentagram

ϕ is everywhere.
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Reference

The American Mathematical Monthly
Vol. 56, No. 3, March 1949, pp. 165-170
As far as I know, this is the first place where the golden section in quartics
is pointed out.
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Reference

Mathematics Magazine
Vol. 82, No. 3, June 2009, pp. 197-201
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Reference

The Mathematical Gazette
Vol. 93, No. 527, July 2009, pp. 292-295
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My source

I heard this problem from Swedish high school teacher Bengt Åhlander,
Uddevalla, who is also involved in Texas Instruments’ T3 (Teachers
Teaching with Technology). He had previously given me another problem
by John F Mahoney:
Let f (x) be a third-degree polynomial with three zeroes. If a and b are two
of those zeroes, let m = a+b

2 and show that the tangent to y = f (x) at
(m, f (m)) cuts the graph at the third zero.
I have of course solved this problem, which actually seems quite well
known, but only this spring did I realize the proper way to look at it!
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My graphs

This was my first experience with GeoGebra, so my file is working material
rather than a finished product.
You find it at https://www.geogebra.org/m/cupjmb9k
where the sliders a and b are the x-values of the inflection points which are
called k and l in the talk (I changed them since GeoGebra gave the names
K and L to the points on the x-axis). You also find the variable q which is
the quotient |PQ|

|QB| which is the golden section so doesn’t change when you
vary a or b; you may think that I just put a constant in there, but slide
both a and b to 0 and see what happens!
You may also enjoy seeing that for large (positive or negative, after all we
have symmetry) values of c , we only have one critical point instead of the
three we had in the talk, but of course we still have the two inflection
points.
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