




00
00

00





00
00









� � 1

� ⌧ 1

6=





O `
~F
p

~T ✓( )
O

B = {~e
r

~e
✓

}

m~a =

~F
p

+

~T
,

(

ma
r

= F
r

ma
✓

= F
✓

,
(

�mr ˙✓2 = mg cos ✓ � T

mr¨✓ = �mg sin ✓,

r = costante



r = `

¨✓ = �g

`
sin ✓.

!2

0

=

g

`

!
0

!
0

¨✓ =
d

2✓

dt2
=

d

2✓

d(t0!�1

0

)

2

=

d

2✓

d(t0)2
!2

0

.

!
0

¨✓ = � sin ✓

⇢

˙✓ = !
!̇ = � sin ✓,

✓ 2 S1 = ]�⇡,⇡] ! 2 R
˙~x =

~f(~x)

~x =

✓

✓
!

◆

~f(~x) =

✓

f
✓

f
!

◆

=

✓

!
� sin ✓

◆

.

~x⇤ ~f(~x⇤) =

~
0

S1 ⇥ R
✓ 2 ]�⇡,⇡] ! 2 R

(

0 = !

0 = � sin ✓
,

(

! = 0

✓ = 0,⇡.

~x⇤
1

=

�

0

0

�

~x⇤
2

=

�

⇡

0

�

~x⇤

D ~f(~x) =

0

B

B

B

@

@f
✓

@✓
(~x)

@f
✓

@!
(~x)

@f
!

@✓
(~x)

@f
!

@!
(~x)

1

C

C

C

A

.



~x⇤
1

=

�

0

0

�

D ~f(~x⇤
1

) =

✓

0 1

�1 0

◆

� = ±i

0

~x⇤
2

=

�

⇡

0

�

D ~f( ~x⇤
2

) =

✓

0 1

1 0

◆

� = ±1

�
1

< 0 < �
2

~x =

�

✓

!

�

(

˙✓ = !

!̇ = �✓

(

˙✓ = !

!̇ = ✓

(✓, ˙✓)

E(✓, ˙✓) =
1

2

˙✓2 + V (✓) = costante,

V f f(✓) = �V 0
(✓)

V (✓) = � cos ✓.

E(✓, ˙✓)
V

| ˙✓| =
q

2

�

E � V (✓)
�

.



˜E =

1

2

˙✓2

˜E = E � V � 0.

V
A

A = [�2⇡, 2⇡] E(✓, ˙✓)
O✓

V E V
E(✓, ˙✓) = �1

(0, 0)

V
E

V = E, ˜E = 0

˙✓ = 0

✓
1

✓
2

[✓
1

, ✓
2

]

✓ 2 ]✓
1

, ✓
2

[

˙✓
O✓

✓
1

✓
2

˜E
V

✓
1

✓
2

✓ = 0

¨✓ = �✓
V (✓) ✓

2

2

E(✓, ˙✓) =
1

2

˙✓2 + V (✓) =
1

2

˙✓2 +
1

2

✓2 = costante,

p
2E

E

E(✓, ˙✓) = 1

V

V = � cos ✓



V (✓) = � cos ✓

✓,

˙

✓

˙✓

t ! ±1
˙✓

�1 < E < 1

E > 1

✓ = (2n + 1)⇡, n 2 Z

E
V V

✓
3

✓
4

˙✓ = 0

✓
3

✓
4

✓ = ⇡ ¨✓ = ✓

E(✓, ˙✓) =
1

2

˙✓2 + V =

1

2

˙✓2 � 1

2

✓2 = costante,



E

V E > V ✓ A

E > E(⇡, 0) = 1 E(⇡, 0)
E > V

V ˙✓

V
V (✓) = � cos ✓

(2n⇡, 0), n 2 Z
((2n + 1)⇡, 0), n 2 Z



E > V ✓

g

`

R2

˙~x = A~x,

~x =

�

x

y

�

A =

�

a b

c d

�

a, b, c, d 2 R
A D ~f(~x)

~x⇤ ~f(~x⇤) = ~
0



V =

✓

v
1,x

v
2,x

v
1,y

v
2,y

◆

A �
1

�
2

⌘ =

✓

⌘
x

⌘
y

◆

V ⌘ = ~x
0

=

✓

x
0

y
0

◆

,

~x
0

=

�

x0
y0

�

⌘

⌘ = V �1~x
0

.

t

~x(t) =

✓

x(t)
y(t)

◆

= ⌘
x

e�1t~v
1

+ ⌘
y

e�2t~v
2

,

~x(t) = c
1

e�1t~v
1

+ c
2

e�2t~v
2

,

c
1

c
2

A
�
1

< �
2

�
1

< 0 < �
2

A =

✓

�
1

0

0 �
2

◆

.

det(�I � A) �
1

�
2

~v
1

=

✓

1

0

◆

~v
2

=

✓

0

1

◆

~x(t) = c
1

e�1t

✓

1

0

◆

+ c
2

e�2t

✓

0

1

◆

.

�
1

< 0 c
1

e�1t
�

1

0

�

Ox ~
0 t ! +1

�
2

> 0 c
2

e�2t
�

0

1

�

Oy ~
0 t ! +1

+1
t ! +1



~x(t) ⇠
=

�

0

c2e
�2t

�

t ! �1 +1
~x(t) ⇠

=

�

c1e
�1t

0

�

B =

✓

1 3

1 �1

◆

.

A
±2

~v
1

=

✓

3

1

◆

~v
2

=

✓

1

�1

◆

~x(t) = c
1

e2t
✓

3

1

◆

+ c
2

e�2t

✓

1

�1

◆

.

c
1

e2t
�

3

1

�

t ! +1
c
2

e�2t

�

1

�1

�

t ! ±1

B
t ! +1

t ! �1

A

t ! +1 t ! �1



�
1

< �
2

< 0

A =

✓

�
1

0

0 �
2

◆

�
1

< 0

c
1

e�1t
�

1

0

�

Ox ~
0 t ! +1

c
2

e�2t
�

0

1

�

�
2

< 0 t ! +1
c
1

6= 0

x(t) = c
1

e�1t y(t) = c
2

e�2t

dy

dx
=

dy

dt
dx

dt

=

�
2

c
2

e�2t

�
1

c
1

e�1t
=

�
2

c
2

�
1

c
1

e(�2��1)t.

�
2

� �
1

> 0 t ! ±1 +1 0

Oy

B =

✓�2 3

1 �4

◆

.

�
1

= �5 �
2

= �1

~v
1

=

✓

1

�1

◆

~v
2

=

✓

3

1

◆

~x(t) = c
1

e�5t

✓

1

�1

◆

+ c
2

e�t

✓

3

1

◆

dy

dx
=

(�5)c
1

e�5t

(�1) + (�1)c
2

e�t

(1)

(�5)c
1

e�5t

(1) + (�1)c
2

e�t

(3)

=

✓

� 5c
1

e�5t � c
2

e�t

5c
1

e�5t

+ 3c
2

e�t

◆✓

et

et

◆

= � 5c
1

e�4t � c
2

5c
1

e�4t

+ 3c
2

.

t ! +1

�1

3

t ! �1
�1

~u =

�

u

x

u

y

�

~v =

�

v

x

v

y

�

�
u

< �
v

< 0

t ! +1 v

y

v

x

t ! �1
u

y

u

x



B

t ! �1

0 < �
1

< �
2

A

t ! +1

dy

dx
=

�
2

c
2

�
1

c
1

e(�2��1)t

�
2

��
1

< 0 t ! ±1 0

+1 Oy
0

�
1

< �
2

< 0

B =

✓

8 3

�8 �2

◆

.

�
1

= 2 �
2

= 4

~v
1

=

✓

1

�2

◆

~v
2

=

✓�3

4

1

◆

.

~x(t) = c
1

e2t
✓

1

�2

◆

+ c
2

e4t
✓�3

4

1

◆

.

dy

dx
=

(2)c
1

e2t(�2) + (4)c
2

e4t(1)

(2)c
1

e2t(1) + (4)c
2

e4t(�3

4

)

=

✓

�4c
1

e2t � 4c
2

e4t

2c
1

e2t � 3c
2

e4t

◆✓

e�4t

e�4t

◆

= �4c
1

� 4c2
e

�2t

2c
1

� 3c2
e

�2t

.



t ! �1

�2 t ! +1 �4

3

~u =

�

u

x

u

y

�

~v =

�

v

x

v

y

�

0 < �
u

< �
v

t ! �1 u

y

u

x

t ! +1 v

y

v

x

�
1

= 0 �
2

= 0

�
1

= �
2

= � 6= 0

A =

✓

� a
0 �

◆

,

a 2 R

A~v = �~v ,
✓

� a
0 �

◆✓

v
x

v
y

◆

= �

✓

v
x

v
y

◆

,
(

�v
x

+ av
y

= �v
x

�v
y

= �v
y

.

a

a = 0

(

�v
x

+ av
y

= �v
x

�v
y

= �v
y

,
(

�v
x

= �v
x

�v
y

= �v
y

.

~v 2 R2

R2

~v
1

=

✓

1

0

◆

~v
2

=

✓

0

1

◆

.

a 6= 0

(

�v
x

+ av
y

= �v
x

�v
y

= �v
y

,

8

>

<

>

:

av
y

= 0

�v
y

= �v
y

�v
x

= �v
x

.

,
(

v
y

= 0

�v
x

= �v
x

.



✓

�
0

◆

.

a

a = 0

~x(t) = (c
1

~v
1

+ c
2

~v
2

)e�t.

� < 0 � > 0

lim

t!+1
~x(t) lim

t!�1
~x(t)

(0, 0)
B =

��4 0

0 �4

�

B

a 6= 0

~w

A~w = �~w + ~v.

~x(t) =
�

c
1

~v + c
2

(~w + ~vt)
�

e�t.

� > 0

� < 0

B =

✓�4 �1

1 �2

◆



�3 ~v =

��1

1

�

~w ~w =

�

1

0

�

~x(t) =

"

c
1

✓�1

1

◆

+ c
2

 

✓

1

0

◆

+

✓�1

1

◆

t

!#

e�3t.

t ! ±1

t ! +1 t ! �1

dy

dx
=

dy

dt

dx

dt

=

c
2

v
y

e�t + (c
1

v
y

+ c
2

w
y

+ c
2

v
y

t)�e�t

c
2

v
x

e�t + (c
1

v
x

+ c
2

w
x

+ c
2

v
x

t)�e�t
=

c
2

v
y

+ �c
1

v
y

+ �c
2

w
y

+ �c
2

v
y

t

c
2

v
x

+ �c
1

v
x

+ �c
2

w
x

+ �c
2

v
x

t
.

t ! ±1 =

v

y

v

x

� < 0

� > 0

�1

~v =

��1

1

�

B

� 2 R

� ¯�

✓

↵ �
�� ↵

◆

.



�
1

= ↵+ � �
2

= ↵� i�

~v
1

=

✓

1

i

◆

=

✓

1

0

◆

+ i

✓

0

1

◆

~v
2

=

¯~v
1

=

✓

1

�i

◆

=

✓

1

0

◆

� i

✓

0

1

◆

~z(t) = e�1t~v
1

~z
~z(t)

~z(t) = e(↵+i�)t

✓

1

i

◆

= e↵t
✓

cos�t
� sin�t

◆

+ ie↵t
✓

sin�t
cos�t

◆

= ~z
Re

(t) + i~z
Im

(t).

~z(t) ~z
Re

(t) ~z
Im

(t)

~z
Re

(t) ~z
Im

(t)

~x(t) = c
1

e↵t
✓

cos�t
� sin�t

◆

+ c
2

e↵t
✓

sin�t
cos�t

◆

,

c
1

c
2

↵ = Re�
1

= Re�
2

↵ = 0

~v
1,2

B =

✓

3 �2

9 �3

◆

�2 +9 = 0 �
1,2

= ±3i

~v
1

=

✓

1

3

1

◆

+ i

✓

1

3

0

◆

~v
2

=

✓

1

3

1

◆

� i

✓

1

3

0

◆

y = 3x
~v
1,2

↵ 6= 0

~
0 t ! ±1

↵ = 0

~x(t) =

✓

x(t)
y(t)

◆

=

✓

c
1

cos�t+ c
2

sin�t
�c

1

sin�t+ c
2

cos�t

◆

.

x(t)

x(t) = c
1

cos�t+ c
2

sin�t,



B

y = 3x

2⇡

�

t = 2⇡

�

↵ 6= 0

x(t)

x(t) = c
1

e↵t cos�t+ c
2

e↵t sin�t.

↵ < 0 lim

t!+1
x(t)

B =

✓�3 5

�2 2

◆

�2 + �+ 4 = 0

�
1,2

= �1

2

⇣

1⌥ i
p
15

⌘

v
1,2

=

⇣

5
4
1

⌘

⌥ i
⇣ p

15
4
0

⌘

↵ > 0

~
0 t ! +1

A
✓

� 0

0 µ

◆

,

✓

↵ �
�� ↵

◆

,

✓

� a
0 �

◆



B

˙~x = B~x

S

S�1BS = A

A =

✓

� 0

0 µ

◆

� µ 2 R

B =

✓

1 3

1 �1

◆

±2 ~v
1

=

�

3

1

�

~v
2

=

�

1

�1

�

R2

B0 R2

B0

B0
=

��

3

1

�

,
�

1

�1

� B0

R2 B0

S =

✓

3 1

1 �1

◆

S�1BS = A

S�1

=

1

4

✓

1 1

1 �3

◆



S�1BS = A

, A =

1

4

✓

1 1

1 �3

◆✓

1 3

1 �1

◆✓

3 1

1 �1

◆

, A =

✓

2 0

0 �2

◆

.

A B
S

t ! ±1

A
B

B �
1,2

S
S~e

i

= ~v
i

i = 1, 2 ~e
i

R2

S�1~v
i

= ~e
i

A~e
i

= (S�1BS )~e
i

= S�1B~v
i

= S�1�
i

~v
i

= �
i

~e
i

.

A

A =

✓

�
1

0

0 �
2

◆

A =

✓

a b
c d

◆

a, b, c, d 2 R.



c
A

(�) = �2 � (a+ d)�+ (ad� bc)

a+ d = (A) ad� bc = det(A)

�
1,2

=

tr(A)±
q

�

tr(A)
�

2 � 4 det(A)

2

.

�
1

+ �
2

= (A) �
1

�
2

= det(A)

T = (A) D = det(A)
(T,D)

� = T 2 � 4D D > 0 (T,D)

D =

1

4

T 2

� = 0

� > 0 ) D <
1

4

T 2

� = 0 ) D =

1

4

T 2

� < 0 ) D >
1

4

T 2

D

D = �
1

�
2

< 0

T

D = �
1

�
2

= 0 T 6= 0

T = 0

D = �
1

�
2

> 0 T

T > 0 T < 0

(T,D)

T
T > 0



T < 0

�
1

= ↵+ � �
2

= ↵� i�
T = 2↵ = 2Re�

T > 0 � > 0

T = 0 � = 0

T < 0 � < 0

(T,D)

(T,D)

D =

1
4T

2

(T,D) T > 0

T < 0



(T,D)

T < 0

T > 0

T = 0

t ! +1

✓

0 1

�1 0

◆

T = 0 D = 1

B = {~e
r

~e
✓

}
m~a =

~F
p

+

~T +

~F
A

,
(

ma
r

= F
r

ma
✓

= F
✓

,
(

�mr ˙✓2 = mg cos ✓ � T

mr¨✓ = �mg sin ✓ � r ˙✓,

r = costante, 2 R
+

r = `

¨✓ = �g

`
sin ✓ � 

m
˙✓.

¨✓ = � sin ✓ � ↵ ˙✓,

↵ =



m

!�2

0

� 0, !
0

=

g

`

.

⇢

˙✓ = !
!̇ = � sin ✓ � ↵!.



✓ 2 ]�⇡,⇡]
(

0 = !

0 = � sin ✓ � ↵!
,

(

! = 0

✓ = 0,⇡.

~x⇤
1

=

�

0

0

�

~x⇤
2

=

�

⇡

0

�

D ~f(~x⇤
1

) =

✓

0 1

�1 �↵
◆

.

✓

˙✓
!̇

◆

=

✓

0 1

�1 �↵
◆✓

✓
!

◆

, ¨✓ + ↵ ˙✓ + ✓ = 0

c
A

(�) = �2 + ↵�+ 1,

�± =

�↵±p
↵2 � 4

2

.

↵ = 2�

�± =

�2� ±
p

4�2 � 4

2

,
�± = �� ±

p

�2 � 1.

�

⇢ � = 0 �± = ±i

�

⇣

✓(t)

!(t)

⌘

V =

✓

1 1

+i �i

◆



⌘ = V �1

✓

✓
0

!
0

◆

=

1

2i

✓

i 1

i �1

◆✓

✓
0

!
0

◆

=

1

2

✓

✓
0

� i!
0

✓
0

+ i!0

◆

.

✓(t) = Re

⇥

⌘
x

eit + ⌘
y

e�it

⇤

= Re

⇥

1

2

(✓
0

� i!
0

)eit + 1

2

(✓
0

+ i!
0

)e�it

⇤

= Re

h

1

2

�

✓
0

� i!
0

��

cos(t) + i sin(t)
�

+

1

2

�

✓
0

+ i!
0

��

cos(�t) + i sin(�t)
�

i

= ✓
0

cos(t) + !
0

sin(t).

✓

✓(t)

✓0 =

3
4⇡ !0 = 10

⇢ 0 < � < 1 �± = ��

�± = �� ± i
p

1� �2.

~v
1,2

=

⇣

1

��±i

p
1��

2

⌘

V

V =

✓

1 1

�� + i
p

1� �2 �� � i
p

1� �2

◆

,



⌘

⌘ = � 1

2i
p

1� �2

 

�� � i
p

1� �2 �1

� � i
p

1� �2 1

!

✓

✓
0

!
0

◆

=

0

B

B

B

B

@

1

2

� i�

2

p

1� �2
�i

2

p

1� �2

1

2

+

i�

2

p

1� �2
i

2

p

1� �2

1

C

C

C

C

A

0

B

@

✓
0

!
0

1

C

A

=

0

B

B

B

B

@

✓
0

2

� i�✓
0

2

p

1� �2
�i✓

0

2

p

1� �2

!
0

2

+

i�!
0

2

p

1� �2
i!

0

2

p

1� �2

1

C

C

C

C

A

=

1

2

0

B

B

B

B

@

✓
0

� i
!
0

+ �✓
0

p

1� �2

✓
0

+ i
!
0

+ �✓
0

p

1� �2

1

C

C

C

C

A

.

✓(t)

✓(t) = Re

n

1

2

e��t

h

�

✓
0

� i!0+�✓0p
1��

2

�

eit
p

1��

2
+

�

✓
0

+ i!0+�✓0p
1��

2

�

e�it

p
1��

2
io

= Re

n

1

2

e��t

h

�

✓
0

� i!0+�✓0p
1��

2

��

cos(t
p

1� �2) + i sin(t
p

1� �2)
�

+

+

�

✓
0

+ i!0+�✓0p
1��

2

��

cos(�t
p

1� �2) + i sin(�t
p

1� �2)
�

io

= e��t

h

✓
0

cos

�

t
p

1� �2
�

+

!0+�✓0p
1��

2
sin

�

t
p

1� �2
�

i

.

⇢ � = 1 �
+

= �� = �1

✓(t)
�
1,2

~v
1,2

=

�

1

�1

�

V =

�

1 1

�1 �1

�

V = 0

✓(t)
˙~x = A~x

~x t

~x(t) = eAt~x
0

.



✓(t) 30

� =

1
5 ✓0 =

3
4⇡ !0 = 10

f(t) = ±e

� 1
5 t

V
A

D ~f(~x⇤
1

) =

✓

0 1

�1 �2

◆

.

D ~f = S + N

se A = S + N con SN � NS = 0, allora eAt

= eS t+N t

= eS teN t.

D ~f(~x⇤
1

) =

✓

0 1

�1 �2

◆

=

✓�1 0

0 �1

◆

+

✓

1 1

�1 �1

◆

= � + V .

D ~f = (� )V � V (� )

=

✓�1 0

0 �1

◆✓

1 1

�1 �1

◆

�
✓

1 1

�1 �1

◆✓�1 0

0 �1

◆

=

✓�1 �1

1 1

◆

�
✓�1 �1

1 1

◆

= 0,

e(D
~

f)t

= e(� )t+V t

= e(� )teV t.



8 B 2 M
2

(R) vale : eB =

+1
X

n=0

Bn

n!
,

eV t

= + V t+
V 2t

2

+ . . .
| {z }

=0 dato che V 2
=0

,

e(� )t

=

+1
X

n=0

(� )

ntn

n!
.

(� )

ntn =

✓

(�tn) 0

0 (�tn)

◆

,

e(� )t

=

+1
X

n=0

(� )

ntn

n!

=

+1
X

n=0

 

(�t

n

)

n!

0

0

(�t

n

)

n!

!

=

✓

e�t

0

0 e�t

◆

= e�t.

✓

✓(t)
!(t)

◆

= e�t

( + V t)

✓

✓
0

!
0

◆

= e�t

( + V t)

✓

✓
0

!
0

◆

= e�t

✓

1 + t t
�t 1� t

◆✓

✓
0

!
0

◆�

= e�t

✓

✓
0

+ ✓
0

t+ !
0

t
�✓

0

t+ !
0

� !
0

t

◆

=

0

@

e�t

h

✓
0

+ (✓
0

+ !
0

)t
i

e�t

h

✓
0

� (✓
0

+ !
0

)t
i

1

A .

✓(t) = e�t

h

✓
0

+ (✓
0

+ !
0

)t
i

,



✓(t) � = 1 20

✓0 =

3
4⇡ !0 = 10

t ! +1 ✓ = 0

8

9, 81

 = 10

�3
Pa.s

⇢ � > 1 �
+

6= �� �± 2 R⇤
�

✓(t)

�± = �� ±
p

�2 � 1,

V

V =

✓

1 1

�� +

p

�2 � 1 �� �
p

�2 � 1

◆

.

⌘

⌘ =

1

2

p

�2 � 1

 

� +

p

�2 � 1 1

�� +

p

�2 � 1 1

!

✓

✓
0

!
0

◆

=

0

@

1

2

+

�

2

p
�

2�1

1

2

p
�

2�1

1

2

� �

2

p
�

2�1

1

2

p
�

2�1

1

A

✓

✓
0

!
0

◆

=

0

@

✓0
2

+

�✓0

2

p
�

2�1

+

!0

2

p
�

2�1

✓0
2

� �✓0

2

p
�

2�1

+

!0

2

p
�

2�1

1

A

=

1

2

0

@

✓
0

+

!0+�✓0p
�

2�1

✓
0

+

!0��✓0p
�

2�1

1

A .

✓(t) =
1

2

✓

✓
0

+

!
0

+ �✓
0

p

�2 � 1

◆

e

�

��+

p
�

2�1

�

t

+

1

2

✓

✓
0

� !
0

+ �✓
0

p

�2 � 1

◆

e

�

���
p

�

2�1

�

t.



✓(t)

✓(t) � = 2 25

� = 1

0

D ~f(~x⇤
2

) =

✓

0 1

1 �↵
◆

,

✓

˙✓
!̇

◆

=

✓

0 1

1 �↵
◆✓

✓
!

◆

, ¨✓ + ↵ ˙✓ � ✓ = 0

c
A

(�) = �2 + ↵�� 1

�± =

�↵±p
↵2

+ 4

2

.

↵ �
↵ = 2�

�± = �� ±
p

�2 + 1.

�
� = 0

x(t) = c
1

cos�t+ c
2

sin�t,



� 6= 0

x(t) = c
1

e↵t cos�t+ c
2

e↵t sin�t.

� ⌧ 1

�

(0, 0) t ! +1

0

1



↵ = 0 ↵ = 0.5 ↵ = 2 ↵ = 3

↵



R2

⇢
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ẋ = �
�

y � �(x)
�
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ẍ = �!2

0

sin(x) + "̃ cos(⌦t)

"̃ � 0 !2

0

=

g

`

ẍ
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A = {s 2 ⌃ : s è identica a ⌘ per i primi m simboli}.



⌧ 2 A

d(⌘, ⌧) =
+1
X

i=0

�(⌘
i

, ⌧
i

)

2

i

 1

2

m�1

.

m ⌘ ⌧ �(⌘
i

, ⌧
i

) = 0 i  m

d(⌘, ⌧) =
+1
X

i=m+1

1

2

i

=

1

2

m�1

.

m A ✓ N (⌘)

⇢ = 1

⌧ 2 A
⌧ = (⌧

0

, ⌧
1

, . . . , ⌧
m

, ⌧
m+1

, . . .)
= (⌘

0

, ⌘
1

, . . . , ⌘
m

, ⌧
m+1

, . . .).

⌧
i

= ⌘
i

i  m

⌧
i

6= ⌘
i

i = m+ 1

i > m + 1

m + 1 ⌘ ⌧ m + 1

d
⇣

�

m+1

�

⌘,�m+1

(⌧)
�

⌘

d
⇣

�

m+1

�

⌘,�m+1

(⌧)
�

⌘

= d
⇣

(⌘
m+1

, ⌘
m+2

, . . .), (⌧
m+1

, ⌧
m+2

, . . .)
⌘

=

+1
X

i=m+1

�(⌘
i

, ⌧
i

)

2

i�(m+1)

= 1 +

+1
X

i=m+2

�(⌘
i

, ⌧
i

)

2

i�(m+2)

� 1 = ⇢.

�

A B 8x 2 B
y 2 A " 2 R

+



A B

A = Per(�) =

+1
[

n=1

Per

n

B = ⌃.

Per

n

(�) n ⌃

8s 2 ⌃ esiste s
k

2 Per

n

(�) d(s, s
k

) < "
s̃ 2 ⌃ s̃

k

s̃ = (s̃
0

, s̃
1

, . . . , s̃
k�1

, s̃
k

, . . .)

s̃
k

= (s̃
0

, s̃
1

, . . . , s̃
k�1

) = (s̃
0

, s̃
1

, . . . , s̃
k�1

, s̃
0

, s̃
1

, . . . , s̃
k�1

, s̃
0

, s̃
1

, . . . , s̃
k�1

, . . .)

d(s̃, s̃
k

) = d
�

(s̃
0

, s̃
1

, . . . , s̃
k�1

, s̃
k

, . . .); (s̃
0

, s̃
1

, . . . , s̃
k�1

, s̃
0

, s̃
1

, . . . , s̃
k�1

, . . .)
�  1

2

k�1

;

k

" 2 R
+

" =
1

2

k�1

d(s̃, s̃
k

)  1

2

k�1

= ",

Per

n

(�) ⌃

⌧ O(⌧)
{⌧,�(⌧),�2

(⌧), . . .} ⌃

⌃

⌃

R
Q R

00 00

(0 1) O(⌧)
O(⌧)

⌃ Q R



⌃

⌧ 00

⌧

⌧ = (0100011011000001010011100101110111 . . .)

n n ⌧

⌧ = ( 0 1

|{z}

blocco 1

00 01 10 11

| {z }

blocco 2

000 001 010 011 100 101 110 111

| {z }

blocco 3

. . .
|{z}

blocco 4

. . . . . .
| {z }

blocco n

. . . . . . . . .
| {z }

blocco n+1

. . . . . .)

s 2 ⌃ s = (s
0

s
1

. . . s
k�1

. . .) k
s
0

s
1

. . . s
k�1

k ⌧

n(k)

�

n(k)

(⌧) = (s
0

, s
1

, . . . , s
k�1

, t
k

, t
k+1

, . . .)

t
k+j

2 {0, 1} j 2 N
s

k

d
�

s,�n(k)

(⌧)
�  1

2

k�1

k " = 1

2

k�1

d
�

s,�n(k)

(⌧)
�

< ".

O(⌧) ⌃ s 2 ⌃ ⌧
d
�

s,�n(k)

(⌧)
�

< " " 2 R
+

(⌃,�)





00

00

00





A~x = �~x

A � 2 R ~x 6= ~
0 ~x

A � A

(A� �I )~x =

~
0.

c
A

(�)

c
A

(�) = det(A� �I ).

A � �I

c
A

(�) = det(A� �I ) = 0.

A
~x⇤

D ✓ Rn ~x = (x
1

, x
2

, . . . , x
n

) 2 D ~f : D �! Rn

~x f
1

, f
2

, . . . , f
m

~f
D ~f(~x) ~f ~x

D ~f(~x) =

0

B

B

B

B

B

B

B

B

@

@f
1

@x
1

(~x)
@f

1

@x
2

(~x) · · · @f
1

@x
n

(~x)

@f
2

@x
1

(~x)
@f

2

@x
2

(~x) · · · @f
2

@x
n

(~x)

@f
m

@x
1

(~x)
@f

m

@x
2

(~x) · · · @f
m

@x
n

(~x)

1

C

C

C

C

C

C

C

C

A

.

A� �I

(A� �I )~x =

~

0

,
~x = (A� �I )�1

~

0 =

~

0

~x 6= ~

0

B , detB 6= 0





http : //it.wikipedia.org/wiki/Equazioni di Lotka� V olterra.

http : //www.aw � bc.com/ide/idefiles/media/JavaTools/popltkvl.html

http : //www.treccani.it/enciclopedia/sistemi � dinamici � e �
sistemicaotici (XXI Secolo)/

http : //en.wikipedia.org/wiki/Chaos theory

http : //matematica.unibocconi.it/caos/home.htm


	Prefazione
	Ringraziamenti
	Abstract
	Oscillazioni semplici
	Pendolo libero
	Descrizione iniziale del problema
	Linearizzazione
	Spazio delle fasi

	Classificazione dei sistemi lineari planari
	Definizione di sistema lineare planare
	Autovalori reali distinti
	Autovalori reali ripetuti
	Autovalori complessi
	Cambiamenti di base
	Classificazione traccia-determinante

	Pendolo smorzato
	Descrizione iniziale del problema
	Linearizzazione
	Spazio delle fasi


	Oscillazioni intrattenute
	Il ciclo limite
	Il modello di Lotka-Volterra: prede e predatori
	Orologi e ciclo limite

	L'oscillatore di Van der Pol
	Il caso 1
	Il caso 1 

	Il teorema di Poincaré-Bendixson

	Oscillazioni caotiche
	Oscillatore non lineare forzato
	Oscillatore calciato
	Considerazioni generali sui moti caotici: caos = caso
	Sensibilità alle condizioni iniziali

	Dinamica simbolica casuale

	Conclusione
	Definizioni e concetti di algebra lineare
	Bibliografia

